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ABSTRACT

Many signal processing problems—such as analysis, compression, reconstruction, and
denoising—can be facilitated by exploiting the underlying models the signals and data sets
obey. A model often deals with the notion of conciseness and suggests a signal has few
degrees of freedom relative to its ambient dimensionality. For instance, the Shannon-Nyquist
sampling theorem works on bandlimited signals obeying subspace model. As an another
example, the power of sparse signal processing often relies on the assumption that the signals
live in some union of subspaces. In many cases, signals have concise representations which
are often obtained by (i) constructing a dictionary of elements drawn from the signal space,
and then (ii) expressing the signal of interest as a linear combination of a small number of
atoms drawn from the dictionary. Such representations serve as an efficient way to describe
the conciseness of the signals and enable effective signal processing methods. For example,
the sparse representation forms the core of compressive sensing (CS), an emerging research
area that aims to break through the Shannon-Nyquist limit for sampling analog signals.

However, despite its recent success, there are many important applications in signal pro-
cessing that do not naturally fall into the subspace models and sparse recovery framework.
As a classical example, a finite-length vector obtained by sampling a bandlimited signal is not
sparse using the discrete Fourier transform (DFT), the natural tool for frequency analysis
on finite-dimensional space. In other words, the DFT cannot excavate the concise struc-
ture within the sampled bandlimited signals. These signals obey a so-called parameterized
subspace model in which the signals of interest are inherently low-dimensional and live in a
union of subspaces, but the choice of subspace is controlled by a small number of continuous-
valued parameters (the parameter controlling sampled bandlimited signals is the frequency).
This continuous-valued parameterized subspace model appears in many problems including

spectral estimation, mitigation of narrowband interference, feature extraction, and steerable
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filters for rotation-invariant image recognition.

The purpose of this thesis is to 1) construct a subspace—whose dimension matches the
effective number of local degrees of freedom—for approximating (almost) all the signals
controlled by a small number of continuous-valued parameters ranging within some certain
intervals; 2) develop rigorous, theoretically-backed techniques for computing projections onto
and orthogonal to these subspaces. By developing an appropriate basis to economically
represent the signals of interest, one can apply effective tools developed for the subspace
model and sparse recovery framework for signal processing. In the process of building local
subspace fits, we will also obtain the effective dimensionality of such signals.

Our key contributions include (i) new non-asymptotic results on the eigenvalue distribu-
tion of (periodic) discrete time-frequency localization operators and fast constructions for
computing approximate projections onto the discrete prolate spheroidal sequences (DPSS’s)
subspace; (ii) an orthogonal approximate Slepian transform that has computational com-
plexity comparable to the fast Fourier transform (FFT); (iii) results on the spectrum of
combined time- and multiband-limiting operations in the discrete-time domain and analysis
for a dictionary formed by concatenating a collection of modulated DPSS’s; (iv) analysis for
the dimensionality of wall and target return subspaces in through-the-wall radar imaging
and algorithms for mitigating wall clutter and identifying non-point targets; (v) asymptotic
performance guarantee of the individual eigenvalue estimates for Toeplitz matrices by cir-
culant matrices; and (vi) analysis of the eigenvalue distribution of time-frequency limiting

operators on locally compact abelian groups.
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CHAPTER 1
INTRODUCTION

In this chapter, we present the central theme of this dissertation and outline our specific

contributions.
1.1 Concise Signal Models

A fundamental challenge in signal processing is to efficiently acquire and extract infor-
mation for (potentially high-dimensional) signals and data sets. Effective techniques for
overcoming this challenge often rely on accurate models for signals or data sets of interest.
In general, models are useful as a priori knowledge for analysis, capture, compression and
storage, communication, denoising and processing of signals.

For a given problem, a model can always be specified for the signals to be processed. A
model can take the form of deterministic class (like a bandlimited signal), or probabilistic
model (like a stochastic process). We can utilize this model to distinguish classes of inter-
esting signals from uninteresting ones, or information from noise. For example, based on
the assumption that a continuous-time signal is bandlimited (i.e., it can be written as a lin-
ear combination of low-frequency sinusoids), the Shannon-Nyquist sampling theorem [114]
specifies a minimal sampling rate that permits a discrete sequence of its samples to preserve
all the information. At its core, the Shannon-Nyquist sampling theorem states that we can
utilize the bandlimitedness of the given signal to distinguish it from other signals only from
its samples.

Modelling most physical signals as bandlimited is a stylized example of subspace model in
signal processing. Subspace models have been incorporated into modern signal processing by
modeling signals as vectors living in an appropriate vector space (also called linear space). A
vector space is a collection of vectors, which may be added together or multiplied by scalars

resulting in new vectors that still live in this vector space. Simple but widely encountered



vector spaces include RY, a coordinate space with N real variables, and L, the set of all
square-integrable functions. A linear subspace S of a vector space V is a nonempty subset of
V that is closed under addition and scalar multiplication. A subspace is well characterized
by its dimension and basis, which is a set of vectors that are linear independent and span
the whole subspace. The dimensionality serves as a way to describe the conciseness of
signals living in this subspace. Based on the fact that any signal in the subspace S can
be represented as a linear combination of the basis elements (which are also called atoms),
subspace modeling provides a powerful tool for signal processing. For example, one can
compress the signals by using the representation coefficients. As an another example, we can
denoise the signals (if they are corrupted by noise) by projecting them onto the subspace.

Like the assumption of bandlimitedness, models in signal processing often rely on the
assumption that the signals have few degrees of freedom relative to their ambient dimension-
ality. For example, we say that a signal is sparse if it can be well-approximated as a linear
combination of a small number of atoms or elements from some basis or dictionary. Sparsity
captures the concise structure existing in most natural signals. As an example, many natural
images have a sparse representation in a wavelet dictionary because very few wavelets can
describe large smooth image regions.

Sparse representation has been widely used for signal denoising [39], signal recovery [13]
and compressive sensing (CS) [15, 16, 18, 26, 40|, an emerging research area that aims to
break through the Shannon-Nyquist limit for sampling analog signals. One challenge in
sparse modeling—due to its high nonlinearity since the choice of which dictionary elements
are used can change from signal to signal—is to identify which of the dictionary elements
best representing a given signal. This problem has garnered much attention in the applied
mathematics and signal processing communities, and conditions can be established under
which methods based on convex optimization |15, 24, 41| and greedy algorithms [11, 93, 99,

127| provide suitable approximations.



For a given class of signals or data sets, another challenge in sparse modeling is to con-
struct a dictionary in which the set of signals have a sparse representation. This challenge
is usually referred to as dictionary learning. Typical algorithms for dictionary learning with
alternating minimization scheme include the method of optimal directions (MOD) [48], the
K-singular value decompostion (K-SVD) [1] and a method for designing an incoherent spar-
sifying dictionary [87]. Though these algorithms have been known to work pretty well in
practice, it remains an active research area to fully understand the underpinning of this
phenomenon, especially for the conditions under which the dictionary can be exactly recov-
ered. Recently, Sun et al. [123] provided a theoretical understanding of as well as a provable
efficient algorithm for dictionary learning with a complete dictionary, i.e., the dictionary is

square and is also full rank.
1.2 Parameterized Subspace Models

As we discussed above, models play a central role in signal processing. Moving to the
richer subspace model has led to powerful new techniques for dimensionality reduction, noise
removal, and recovering high-dimensional signals from indirect observations. However, de-
spite its recent success, there are many important applications in signal processing that do
not naturally fall into the subspace models and sparse recovery framework. We describe
several representative examples below.

Scenario #1. Consider an analog signal z(t) that can be expressed as a sum of just K
sinusoids of various frequencies, amplitudes, and phases. Suppose we collect N Nyquist-rate
samples of x(t) and stack these into a sample vector & € CV. If we analyze = using the
natural tool for frequency analysis on C¥-—the DFT—then in general all N DFT coefficients
will be nonzero, unless the analog frequencies contributing to x(t¢) happen to live on a certain
harmonic grid. This is even though the actual number of degrees of freedom in z(¢) (and
thus in @) is just K. In other words, the DFT cannot reveal the concise structure within .
Figure 1.1 severs as an example showing the DF'T of a sampled pure sinusoid with frequency

off the “DFT-grid”. In a more practical scenario, suppose the original analog signal x(t) has
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Figure 1.1: A plot of the DFT of a length-N (with N = 64) pure sinusoid with frequency
0.1 which is off the “DFT-grid”.

a Fourier transform with support limited to a small number of narrow bands (rather than
consisting of pure tones). Again, in general, all N DFT coefficients of & will be nonzero
since the time-limiting operation will cause the spectral bands to smear out. We describe
this scenario in Section 2.4 with more detail. This complication arises in problems such as
spectral estimation and mitigation of narrowband interference.

Scenario #2. Another example arises in problems such as time of arrival estimation in
matched filtering, radar signal processing with point targets, and super-resolution. Consider
an analog signal x(t) that can be expressed as a sum of K pulses p(t) of a known shape
but with differing amplitudes and times of arrival. Suppose we collect N observations of
z(t) and stack these into a sample vector & € CV. The observations could consist of N
Nyquist-rate samples of z(t), the N lowest frequency Fourier series coefficients of x(t), or
the inner products between z(t) and N preselected linear functionals. In general there is no
orthonormal basis for CV in which = will be K-sparse, even though the actual number of
degrees of freedom in z(¢) (and thus in z) is just K. In the case of non-point targets, then

each of the K pulses in the original analog signal z(t) is convolved with a different unknown



kernel of narrow—but nonzero—width. Again there is no basis in which the vector @ can be
economically represented and processed.

In the representative problems we list above, the signals obey a so-called parameterized
subspace model in which the signals of interest are inherently low-dimensional and live in a
union of subspaces, but the choice of subspace is controlled by a small number of continuous-
valued parameters. This continuous-valued parameterized subspace model also appears in
many other problems, such as feature extraction aiming to detect a pattern independent of
its orientation in an image [86], steerable filters for rotation-invariant image recognition [133],

and so on.
1.3 Overview and Contributions

This dissertation mainly focuses on parameterized subspace models. Rather than at-
tempt to discretize these problems and use existing sparse processing techniques (a program
potentially fraught with difficulty, as the sparsity generally does not translate directly into
the discrete domain), our essential research goal is to develop general techniques for sparse
processing using a more natural parameterized subspaces model. In particular, we aim to 1)
construct a subspace for approximating (almost) all the signals controlled by a small number
of continuous-valued parameters ranging within some certain intervals; 2) develop rigorous,
theoretically-backed techniques for computing projections onto and orthogonal to these sub-
spaces. By developing an appropriate basis to economically represent the signals of interest,
one can apply effective tools developed for subspace modeling and sparse modeling for signal
processing. In the processing of building local subspace fits, we will also provide an answer
to the effective dimensionality of such signals.

Our key contributions include new:

e non-asymptotic results on the eigenvalue distribution of (periodic) discrete time-frequency
localization operators and fast constructions for computing approximate projections

onto the leading Slepian basis elements;



e arapid orthogonal approximate Slepian transform (ROAST) for the discrete vector one

obtains when collecting a finite set of uniform samples from a baseband analog signal;

e results on the spectrum of combined time- and multiband-limiting operations in the
discrete-time domain and analysis for a dictionary formed by concatenating a collection

of modulated DPSS’s;

e analysis for the dimensionality of wall and target return subspaces in through-the-wall
radar imaging and algorithms for mitigating wall clutter and identifying non-point

targets;

e asymptotic performance guarantees of the individual eigenvalue estimates for Toeplitz

matrices by circulant matrices;

e generalization of the existing results on the eigenvalues of composite time- and band-

limiting operators to locally compact abelian groups.

We outline these contributions chapter-by-chapter.

We begin in Chapter 2 with a review of basic topics in signal processing and mathematics
that form the foundation of this dissertation.

In Chapter 3, we consider the task of concisely representing a discrete vector one obtains
when collecting a finite set of uniform samples from a baseband analog signal (which is a
special case of Scenario #1). The optimal basis (i.e., solution) to this problem in the
least-squares sense forms the foundation for the analysis of the problems listed in Scenario
#1 and is given by the DPSS basis (a.k.a the Slepian basis) [118]. However, due to the high
computational complexity of projecting onto the DPSS basis, this representation is often
overlooked in favor of the FFT. We show that there exist fast constructions for computing
approximate projections onto the leading Slepian basis elements. The complexity of the
resulting algorithms is comparable to the FFT, and scales favorably as the quality of the

desired approximation is increased. In the process of bounding the complexity of these



algorithms, we also establish a new nonasymptotic result on the eigenvalue distribution of
discrete time-frequency localization operators. This nonasymptotic result is also extended for
the eigenvalue distribution of periodic discrete time-frequency localization operators [57, 71].
We then demonstrate how these algorithms allow us to efficiently compute the solution to
certain least-squares problems that arise in signal processing. We also provide simulations
comparing these fast, approximate Slepian methods to exact Slepian methods as well as
traditional FF'T based methods.

In Chapter 4, we provide a Rapid Orthogonal Approximate Slepian Transform (ROAST)
for the discrete vector one obtains when collecting a finite set of uniform samples from a
baseband analog signal. Unlike the fast construction of projections onto the leading DPSS
vectors that is not an orthogonal projection, the ROAST offers an orthogonal projection
which is an approximation to the orthogonal projection onto the leading DPSS vectors. As
such, the ROAST is guaranteed to accurately and compactly represent not only oversampled
bandlimited signals but also the leading DPSS vectors themselves. Moreover, the subspace
angle between the ROAST subspace and the corresponding DPSS subspace can be made
arbitrarily small. The complexity of computing the representation of a signal using the
ROAST is comparable to the FF'T, which is much less than the complexity of using the DPSS
basis vectors. We also give non-asymptotic results to guarantee that the proposed basis not
only provides a very high degree of approximation accuracy in a mean-square error sense for
bandlimited sample vectors, but also that it can provide high-quality approximations of all
sampled sinusoids within the band of interest.

In Chapter 5, we study possible dictionaries for representing the discrete vector one ob-
tains when collecting a finite set of uniform samples from a multiband analog signal (the
problems presented in Scenario #1). By analyzing the spectrum of combined discrete time-
and multiband-limiting operations (which are equivalent to some corresponding Toeplitz ma-
trices), we conclude that the information level of the sampled multiband vectors is essentially

equal to the time-frequency area. For representing these vectors, we consider a dictionary



formed by concatenating a collection of modulated Discrete Prolate Spheroidal Sequences
(DPSS’s). We study the angle between the subspaces spanned by this dictionary and an op-
timal dictionary, and we conclude that the multiband modulated DPSS dictionary—which is
simple to construct and more flexible than the optimal dictionary in practical applications—is
nearly optimal for representing multiband sample vectors. We also show that the multiband
modulated DPSS dictionary not only provides a very high degree of approximation accu-
racy in a mean squared error (MSE) sense for multiband sample vectors (using a number
of atoms comparable to the information level), but also that it can provide high-quality
approximations of all sampled sinusoids within the bands of interest.

In Chapter 6, motivated by the fact that Toeplitz matrices appear naturally for param-
eterized subspace models, we study a fast way to approximately compute the spectrum of
Toeplitz matrices. It is known that any sequence of uniformly bounded N x N Hermitian
Toeplitz matrices { Hy } is asymptotically equivalent to a certain sequence of N x N circulant
matrices {Cy} derived from the Toeplitz matrices in the sense that | Hy — Cy||, = o(v/'N)
as N — oo. This implies that certain collective behaviors of the eigenvalues of each Toeplitz
matrix are reflected in those of the corresponding circulant matrix and supports the utiliza-
tion of the computationally efficient fast Fourier transform (instead of the Karhunen-Loéve
transform) in applications like coding and filtering. We study the asymptotic performance
of the individual ergenvalue estimates. We show that the asymptotic equivalence of the circu-
lant and Toeplitz matrices implies the individual asymptotic convergence of the eigenvalues
for certain types of Toeplitz matrices. We also show that these estimates asymptotically ap-
proximate the largest and smallest eigenvalues for more general classes of Toeplitz matrices.

In Chapter 7, we consider the eigenvalues of composite time- and band-limiting operators
on locally compact abelian groups. By invoking Fourier transforms for functions defined on
locally compact abelina groups, the time-frequency limiting operators generalize the con-
ventional limiting operators which result in DPSS’s and prolate spheroidal wave functions

(PSWEF’s) [120]. Applications of this unifying treatment are discussed in relation to channel



capacity and to representation and approximation of signals.
We conclude with a final discussion and directions for future research in Chapter 8.
This thesis is a reflection of a series of intensive collaborations. Where appropriate, the

first page of each chapter lists primary collaborators, who share credit for this work.



CHAPTER 2
BACKGROUND MATERIAL

In this chapter, we briefly review basic topics in signal processing and linear algebra.
2.1 General Mathematical Preliminaries

To begin, we provide a brief discussion of mathematical preliminaries and notation. We
indicate finite-dimensional vectors and matrices by bold characters to distinguish them from
infinite-length sequences and signals (or functions) with continuous variables. We index all
such vectors and matrices beginning at 0. The n-th element of a vector « is denoted by x[n|,
while the (m,n)-th element of a matrix A is denoted by A[m,n|. The Hermitian transpose
of a matrix A is denoted by A* or A", For any natural number N, we let [N] denote the
set {0,1,...,N —1}. For any k € {1,2,..., N}, let [A]; denote the N x k matrix formed
by taking the first k£ columns of A € CM*¥. We use o(-) and O(-) as the conventional
“little-0” and “big-O” notations, respectively. In addition, z(N) ~ y(N) means x and y are
asymptotically equal, that is z(N) = y(N) 4+ o(y(N)) = (1 +0(1))y(N) as N — oo. For any
f€l—3, 3] we will let

ej27rfO
pi2mf1

€y € CN (21)

ed2mf(N—1)

denote a length-N vector of samples from a discrete-time complex exponential signal with
digital frequency f. This sampled exponential e; along with its corresponding N x N matrix
E; := diag(es) will appear very often through this dissertation. Here, diag : CN — CN*V
returns a square diagonal matrix with the elements of the input vector on the main diagonal.

For a given continuous-time function z(t),t € D, the conventional L, norm with p > 1 is

defined as
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1/p
el = ([ letorar)

An L,(D) space consists of all functions for which the L, norm is finite (i.e., the p-th power
of the absolute value is integrable). When D = R, we usually drop it and just write L, space

and |z, . In RY or C¥, the p-norm of € C¥ is defined by

N-1 1/p
], = (Z |w[n]|p) :

For any infinite-length sequence z, its p-norm is also defined as

oo 1/p
[z, = (Z lfv[n]lp> :

n=—oo

An (,(Z) space consists of all sequences for which the £, norm is finite.
2.2 Conventional Fourier Transforms

For a given continuous-time function z(t) € Ly, its continuous-time Fourier transform

(CTFT) is defined by

X(F) = /_ (e,

o0

where the transform variable F' (usually) represents frequency when the independent variable

t represents time. The corresponding inverse CTEFT (ICTFT) is defined as
z(t) = / X(F)e? ™t q F.

For any x € CV, the discrete Fourier transform (DFT) of x, denoted by Z, is defined as

- 2Tnm

x[nle! V.

For a given discrete-time signal x[n], we let



o0

B = 3 alnle

n=—oo

denote the discrete-time Fourier transform (DTFT) of xz[n]. The corresponding inverse

DFTF (IDTFT) is defined as

1
ol = [ 3
0
for all n € Z. For any © € CV, we use Z to denote the DTFT of the sequence obtained by
zero-padding T, i.e.
N
T(f) =) xln]e ",
n=0

2.3 Signal Dictionaries and Representations

Effective techniques for signal processing often rely on meaningful representations that
capture the structure inherent in the signals of interest. Many signal processing tasks—such
as signal denoising, recognition, and compression—benefit from having a concise signal repre-
sentation. Concise signal representations are often obtained by (i) constructing a dictionary
of elements drawn from the signal space, and then (ii) expressing the signal of interest as a
linear combination of a small number of atoms drawn from the dictionary.

For the signal space CV, we represent a dictionary as an N x L matrix ¥, which has
columns (or atoms) g, 1, ..., 1. Using this dictionary, a signal £ € CV can be repre-

sented exactly or approximately as a linear combination of the ;:

for some o« € C¥, whose entries are referred to as coefficients.
When the coefficients have a small fraction of nonzero values or decay quickly, one can
form highly accurate and concise approximations of the original signal using just a small

number of atoms. In some cases, one can achieve this using a linear approximation that is
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formed with a prescribed subset of J < L atoms:

2~ alily;, (2.2)

i€Q
where Q C {0,1,...,L — 1} is a fixed subset of cardinality J. For example, one might use
the lowest J frequencies to approximate bandlimited signals in a Fourier basis.
In other cases, it may be beneficial to adaptively choose a set of atoms in order to

optimally represent each signal. Such a nonlinear approximation can be expressed as

T~ Z ali];,

ieQ(z)
where Q(x) C {0,1,...,L — 1} is a particular subset of cardinality J and can change from
signal to signal. A more thorough discussion of this topic, which is also known as sparse
approzimation, can be found in [34, 37, 92]. Sparse approximations have been widely used for
signal denoising [39], signal recovery [13] and compressive sensing (CS) [15, 16, 18, 26, 40|, an
emerging research area that aims to break through the Shannon-Nyquist limit for sampling
analog signals. A challenge in finding the best J-term approximation for a given signal x
is to identify which of the (5) subspaces (or, equivalently, index sets Q(x)) to use. Many
methods based on convex optimization [15, 24, 41] and greedy algorithms [11, 93, 99, 127]

provide suitable approximations under certain conditions.
2.4 Finite-length Vectors of Sampled Analog Signals

As a motivating example listed in Section 1.2, we will study dictionaries for representing
the discrete vector one obtains when collecting a finite set of uniform samples from a certain
type of analog signal. We let x(¢) denote a complex-valued analog (continuous-time) signal,

and for some finite number of samples N and some sampling period T > 0, we let

x = [2(0) o(T) -+ (N = 1)T,)]" (2.3)
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denote the length-N vector obtained by uniformly sampling x(¢) over the time interval
[0, NT,) with sampling period Ts;. Here T stands for the transpose operator. Our focus
is on obtaining a dictionary W that provides highly accurate approximations of & using as
few atoms as possible.

It is the structure we assume in the analog signal z(t) that motivates the search for
a concise representation of @. Specifically, we assume that x(¢) obeys a multiband signal
model, in which the signal’s continuous-time Fourier transform (CTFT) is supported on a
small number of narrow bands (we assume the bands are known). We describe this model
more fully in Section 2.4.2. Before doing so, we begin in Section 2.4.1 with a simpler analog

signal model for which an efficient dictionary W is easier to describe.
2.4.1 Multitone Signals

A multitone analog signal is one that can be expressed as a sum of J complex exponentials

of various frequencies:

J—-1
ZE(t) — Z Biej%rFit.
1=0

Suppose such a multitone signal x(¢) is bandlimited with bandlimit % Hz, i.e., that

max; |F;| < %. Let «, as defined in (2.3), denote the length-N vector obtained by uni-

formly sampling x(t) over the time interval [0, NT;) with sampling period Ty < Bj - which

meets the Nyquist sampling rate. We can express these samples as

J—1
xln] =Y B " n=0,1,...,N -1, (2.4)

i=0
where f; = F;T,. This model arises in problems such as radar signal processing with point

targets [78] and super-resolution [17].

In certain cases, an effective dictionary for representing « is the N x N DFT matrix [7,
128, 78|, where 4;[n] = ¢>™/N for i = 0,1,...,N —1 and n = 0,1,..., N — 1. Using
this dictionary, we can write * = Wa, where o € CV contains the DFT coefficients of .

When the frequencies f; appearing in (2.4) are all integer multiples of 1/N, then a will be
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J-sparse (meaning that it has at most J nonzero entries), and the sparse structure of x(¢)
in the analog domain will directly translate into a concise representation for @ in C". This
“on grid” multitone signal is sometimes assumed for simplicity in the CS literature [128].
However, when the frequencies comprising x(t) are arbitrary, the sparse structure in a will
be destroyed due to the “DFT leakage” phenomenon. Such a problem can be mitigated by
applying a windowing function in the sampling system, as in [128], or iteratively using a
refined dictionary [49]. An alternative is to consider the model (2.4) directly as in [46, 124].
However, such approaches cannot be generalized to scenarios in which the analog signals

contain several bands, each with non-negligible bandwidth.
2.4.2 Multiband Signals

A more realistic model for a structured analog signal is a multiband model, in which x(t)

has a CTFT supported on a union of several narrow bands

J—-1
F = | J[Fi — Boana,/2, Fi + Boana, /2],

1=0

ie.,
x(t) = /X(F)ejQ”FtdF.
F

Here X (F) denotes CTFT of x(t). The band centers are given by the frequencies {F;}icpn
and the band widths are denoted by { Bpand, }ic[s, Where [J] denotes the set {0,1,...,.J —1}.

Again we let @, as defined in (2.3), denote the length-N vector obtained by uniformly
sampling z(t) over the time interval [0, NT,) with sampling period T,. We assume T is

chosen to satisfy the minimum Nyquist sampling rate, which means

1 1
< = :
- B QmaXie[(}]{’Fz’iBbandi/Ql}

nyq

T

Under these assumptions, the sampled multiband signal & can be expressed as an integral

of sampled pure tones (i.e., discrete-time sinusoids)

zln] = /W%(f)eﬂ”f” df, n=01, . N—1, (2.5)
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where the digital frequency f is integrated over the union of intervals

W = [fo—Wo, fo+Wo]U[fi=Wi, i+ WhlU- - -U[fro1=Wi_1, froa+Wia] C {—%, %} (2.6)

with f; = T, F; and W; = T Bpang, /2 for all ¢ € [J]. The weighting function Z(f) appearing
in (2.5) equals the scaled CTFT of x(t),

1

5 = X Flle_g 111 < 5

and corresponds to the DTFT of the infinite sample sequence {...,z(—T%),z(0), z(T%), ... }.
(However, we stress that our interest is on the finite-length sample vector & and not on this
infinite sample sequence.) Such multiband signal models arise in problems such as radar

signal processing with non-point targets [2] and mitigation of narrowband interference |30,

33].
2.5 Time, Index, and Multiband-Limiting Operators and the Prolate Matrix

Let Bw : l5(Z) — ¢3(Z) denote the multiband-limiting operator that bandlimits the
DTFT of a discrete-time signal to the frequency range W C [—%, %], ie., for y € l5(Z), we

have that!

[e.e]

syt = 30 (ol [ eninar), 7)

n=—oo

Bay)(m] = |

W

where x stands for convolution. In addition, let Ty : ¢5(Z) — ¢5(7Z) denote the operator that

zeros out all entries outside the index range {0,1,..., N — 1}. That is

Tn()m] = { 8,[7"]’ Zzhir[@]v\;]s’ez.

Next, define the index-limiting operator Zy : £5(Z) — CV as
In(y)lm] == y[m], m € [N].

The adjoint operator Zx : CV — (5(Z) (anti-index-limiting operator) is given by

'For convenience, we use By instead of Bi_w,w) when W reduces to [-W, W]. This is also the reason for
many other notations involving subscript W.
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x _ | ylm], me[N],
In(y)lm] = { 0, otherwise.
We can observe that Ty = Z3Zy. By an abuse of notation, we assume that Zy also works
on finite-dimensional vectors, i.e., for any y € CM with M > N, Zy(y) € CV with elements

given by
In(y)[m] == y[m], m € [N].

The input of Zy should be clear from the context.

Now the time- and multiband-limiting operator Bw 7y : l2(Z) — l5(Z) is defined by

N-1

BTl = 3 (o] [ /i) mez (25)

n=0

Further composing the time- and multiband-limiting operators, we obtain the linear operator

TNngN : fg(Z) — @(Z) as

T (B (Tae () [m] = { >onco (yln] fy & 0=df) . m € [N], 2.9)

0, otherwise.

Similarly, combining the index- and multiband-limiting operators, we obtain the linear op-
erator ZyBwZy : CN — CV as

N-1

Ty (BT )] = Y- (vlal [ #00-0ap) e (), (2.10)

n=0

Suppose y € l5(Z) is an eigenfunction of TyBwTy with corresponding eigenvalue \':
Tn(Bw(Ta(y'))) = Ny'. We can verify that Zn(Bw(Zx(Zn(Y')))) = NZn(y'). On the
other hand, if y” and X\’ satisfy Zy(Bw(Zx(y"))) = A'y”, then we can conclude that
Tn(Bw(Tn(Zh(y")))) = N'Zx(y"). Therefore TyBwTy and ZyBwZy have the same eigen-
values, and the eigenvectors of ZyBwZy can be obtained by index-limiting the eigenvectors
of TnBwTn.

It is easy to show that ZyBwZy is equivalent to the prolate matriz By w, which has

entries
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J-1

— j2m f (m— o - SIN (2T W (M — n))
B = J2m f( ”)df _E : j2m f; (m—n) S1 ( i 511
N,W[’rn7 n] / € = L € (m n) ( )

for all m,n € [N].
2.6 The Slepian Basis and the Fourier Basis

In this section, we provide a formal definition of the Slepian basis and briefly describe
some of the key results from Slepian’s 1978 paper on DPSS’s [118]. Given any N € N
and W € (0, %), the DPSS’s are a collection of N discrete-time sequences that are strictly
bandlimited to the digital frequency range |f| < W yet highly concentrated in time to the
index range n = 0,1,..., N — 1. The DPSS’s are defined to be the eigenvectors of a two-
step procedure in which one first time-limits the sequence and then bandlimits the sequence.
Recall that By, denotes an operator that takes a discrete-time signal, bandlimits its DTFT
to the frequency range |f| < W, and returns the corresponding signal in the time domain.
Additionally, Ty is an operator that takes an infinite-length discrete-time signal and zeros
out all entries outside the index range {0,1,..., N — 1} (but still returns an infinite-length

signal). With these definitions, the DPSS’s are defined in [118] as follows.

Definition 2.1. Given any N € N and W € (0,%), the DPSS’s are a collection of N

12
(0) (1) (N-1

real-valued discrete-time sequences sy, Sy - - - ,sN’W) that, along with the corresponding
scalar eigenvalues 1 > )\%)’)W > AS&,}W > e > AE\JXI;,D > 0, satisfy
Biv (T (i) = AW s (212)
forall ¢ € {0,1,...,N —1}. The DPSS’s are normalized so that
1T (simw)llz = 1 (2.13)

forall £ € {0,1,...,N —1}.

One of the central contributions of [118| was to examine the behavior of the eigenvalues

AS\??W? ce )\%\;,1). In particular, [118] shows that the first 2NW eigenvalues tend to cluster
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extremely close to 1, while the remaining eigenvalues tend to cluster similarly close to 0.

This is made more precise in the following lemma from [118|.

Lemma 2.1. (Clustering of eigenvalues [118, 32]) Suppose that W € (0, 5) is fized.

1. Fiz e € (0,1). Then there exist constants Cy1(W,e€),Co(W,€) (which may depend on

W,e€) and an integer No(W,€) (which may also depend on W, e€) such that
1Ay < CLW, e)e” WOV ¢ < [2NW(1 - €)

for all N > No(We).

2. Fiz e € (0,57 — 1). Then there exist constants C5(W, €), Co(W, €) (which may depend

on Wie) and an integer Ny(W,€) (which may also depend on W, €) such that

A < Ca(W, €)e C1VaN 1y ¢ > [2NW (1 + )]

for all N > Ny{(W,e).

This tells us that the range of the operator By, Ty has an effective dimension of ~ 2NW.
Moreover, with only a few exceptions near the “transition region” at ¢ ~ 2NW, we can
reasonably approximate the eigenvalues )\%?W to be either 1 or 0. This will play a central
role throughout our analysis.

Finally, we also note that while each DPSS actually has infinite support in time, several
very useful properties hold for the collection of signals one obtains by time-limiting the

DPSS’s to the index range n = 0,1,..., N — 1. First, it can be shown that [118§|

1Bw (Ta (s )Lz = /A (2.14)

Comparing (2.13) with (2.14), we see that for values of ¢ where A%?W ~ 1, nearly all of
the energy in TN(S%?W) is contained in the frequencies |f| < W. While by construction the
DTFT of any DPSS is perfectly bandlimited, the DTFT of the corresponding time-limited
DPSS will only be concentrated in the bandwidth of interest for the first ~ 2NW DPSS’s.

As a result, we will frequently be primarily interested in roughly the first 2NW DPSS’s.
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Second, the time-limited DPSS’s are orthogonal [118] so that for any ¢,¢' € {0,1,..., N —
1} with ¢ #£ ¢,

(Ta(s5w)s Tw (sl ) = 0. (2.15)

Finally, like the DPSS’s, the time-limited DPSS’s have a special eigenvalue relationship with
the time-limiting and bandlimiting operators. In particular, if we apply the operator Ty
to both sides of (2.12), we see that the sequences TN(S%?W) are actually eigenfunctions of
the two-step procedure in which one first bandlimits a sequence and then time-limits the
sequence.

These properties, together with the fact that our focus is primarily on providing compu-
tational tools for finite-length vectors, motivate our definition of the Slepian basis to be the
restriction of the (time-limited) DPSS’s to the index range n = 0,1,..., N — 1 (discarding

the zeros outside this range).

Definition 2.2. Given any N € N and W € (0, %), the Slepian basis is given by the vectors
SES?W, sg\l,?w, ey sg\%}l) € RY which are defined by restricting the time-limited DPSS’s to the

index rangen =0,1,..., N — 1:

s\wln] == T (s n] = s$w ]

forallt,n €{0,1,..., N —1}. For simplicity, we will often use the notation Sy w to denote

the N x N matrixz given by

_ [0 -y

Snw Snw Snw

Observe that combining (2.13) and (2.15), it follows that Sy w does indeed form an
orthonormal basis for CV (or for RY). However, following from our discussion above, the
partial Slepian basis constructed using just the first & 2NW basis elements will play a
special role and can be shown to be remarkably effective for capturing the energy in a

length- N window of samples of a bandlimited signal (see [32] for further discussion.) In such
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situations, we will also use the notation Sk to denote the first K columns of Sy (where
N and W are clear from the context and typically K ~ 2NW).

In our discussion above we derived the Slepian basis by following the same approach
as in [118] and considering the time-limitations of the eigenfunctions of the operator given
by BwTn. As illustrated in (2.11), an alternative way to derive Sy is to consider the
eigenvectors of the NV x N prolate matrix By [132], which is the matrix with entries given
by

sin 27W(m — n)
w(m —n)

By w[m,n] = (2.16)

for all m,n € {0,1,..., N —1}. Indeed, By can be understood as the finite truncation of
the infinite matrix representation of By Ty. Thus, Sy w contains the eigenvectors of By w

and we can write By as

*
Byw = SN,WAN,WSN,W

where Ay is an N x N diagonal matrix with the eigenvalues AﬁS}W, ey /\S\],YV;I), along the

main diagonal (sorted in descending order).

The primary goal of Chapter 3 is to develop fast algorithms for working with Sy (or
By, which also arises in many practical applications, as detailed in Section 3.3 below).
Towards this end, we will begin by examining the relationship between By i and the matrix
obtained by projecting onto the lowest 2NW Fourier coefficients. To be more precise, we
define W’ such that 2NW" is the nearest odd integer to 2NW, and we let Fy y denote the

partial Fourier matrix with the lowest 2NW' frequency DFT vectors of length N, i.e.,

1
Fyw = \/_N [e—(QNW’—l)/QN 6(2NW'—1)/2N] . (2-17)

Note that the projection onto the span of Fy is given by the matrix Fyw Fy y,, which
has entries given by

1
NW'—}

1 o sin(2rW'(m — n))
[ 1 jm(m—m)k/N _ 2.18
[Fyw Fy ] [m, n] N k—_%vurl € N sin(r 1) (2.18)
- 2
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for m,n=0,...,N — 1.

2.7 Representations of Sampled Sinusoids and Oversampled Bandlimited Sig-
nals

Note that for any orthonormal matrix Q@ € CV*¥,

w w
/ lles — QQ*efﬂg df = / trace (efejc — QQ*efe}) df
-W -W

= trace (Byw — QQ"Byw) ,

(2.19)

where ey is a length-N sinusoid defined in (2.1). For any value of K, the quantity in (2.19)
is minimized by the choice of Q = Sk . This implies that Sk is the best basis of K columns

to represent (in a MSE sense) the collection of sampled sinusoids {ey} sc(—w,w). Formally,

N—-1
/ ey — SiSies 2 = 3 Ay (2.20)
-w (=K
whereas for each f € [-W, W], |les]|3 = N. It follows from Lemma 2.1 that Sy provides
very accurate approximations (in a MSE sense) for all sampled sinusoids {ey} se[—w,w if one
chooses K slightly larger than 2NW.

We note that any representation guarantee for sampled sinusoids {ey} se[—ww) can also
be used for finite-length sample vectors arising from sampling random bandlimited baseband

signals. Suppose x is a continuous-time, zero-mean, wide sense stationary random process

with power spectrum

1 B an: B an
Py(F) ={ Dona’ Fre [==gm, ],
0, otherwise.

Let ¢ = [z(0) z(T,) -+ z((N — 1)Ty)]T € CV denote a finite vector of samples acquired
from z(t) with a sampling interval of Ty < 1/Byang. Let fo = F.Ts and W = %. We
have [32]

1

2 W 2
Blle—QQal) = 557 [ lles - @@esllidr (2.21)
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2.8 Szegd’s Theorem

Toeplitz matrices are of considerable interest in statistical signal processing and informa-

tion theory [56, 54, 104, 91, 73]. An N x N Toeplitz matrix Hy has the form

[ Rh[0]  h[-1] A[-2] ... A[—=(N—=1)] ]
h[1] h[0]  h[-1]
Hy = h[2] h[1]  h[O] : (2.22)
L AN —1] hlo}
or Hy[m,n] = hm—nl;m,n € [N] :={0,1,..., N—1}. The covariance matrix of a discrete-

time wide-sense stationary (WSS) random process is an example of such a matrix. Also the
prolate matrices (defined in (2.11)) are Toeplitz.

Throughout this thesis, we consider Hy that is Hermitian, i.e., Hy = Hy, and we
suppose that the eigenvalues of H )y are denoted and arranged as A\o(Hy) > -+ > Ay_1(Hy).
Here the Hermitian transpose of a matrix A is denoted by A#.

Szegd’s theorem [56] describes the collective asymptotic behavior (as N — oo) of the

eigenvalues of a sequence of Hermitian Toeplitz matrices { Hy} by relating to its DTFT

h(f) € L*([0, 1)):

Usually ﬁ( f) is referred to as the symbol or generating function for the N x N Toeplitz
matrices {Hy}.
Suppose h € L>=([0,1]). Szegd’s theorem [56] states that

I 1
Nl—l;noo N P

~ IO (Hy)) = | o (2.23)

MZ

Il
=)
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where ¢ is any function continuous on the range of h. As one example, choosing J(z) = =

yields

1 N-1 1
iy () = |
In words, this says that as N — oo, the average eigenvalue of Hy converges to the average
value of the symbol h(f) that generates Hy. As a second example, suppose h(f) > 0 (and

thus A\, (Hy) > 0 for all [ € [N] and N € N) and let 9 be the log function. Then Szeg¢’s

theorem indicates that

N—o0

lim %log (det (Hy)) = /01 log (ﬁ(f)) df.

This relates the determinant of the Toeplitz matrix to its symbol.

SzegG’s theorem has been widely used in the areas of signal processing, communications,
and information theory. A paper and review by Gray [54, 55| serve as a remarkable elemen-
tary introduction in the engineering literature and offer a simplified proof of Szegd’s original
theorem. The result has also been extended in several ways. For example, the Avram-Parter
theorem [6, 103], a generalization of Szegd’s theorem, relates the collective asymptotic be-
havior of the singular values of a general (non-Hermitian) Toeplitz matrix to the absolute
value of its symbol, i.c., |h(f)|. Tyrtyshnikov [130] proved that Szegd’s theorem holds if
h(f) € R and h(f) € L2([0,1]), and Zamarashkin and Tyrtyshnikov [139] further extended
Szegd’s theorem to the case when A(f) € R and h(f) € L([0,1]). Sakrison [108] extended
Szegd’s theorem to high dimensions. Gazzah et al. [52] and Gutiérrez-Gutiérrez and Cre-
spo [59] extended Gray’s results on Toeplitz and circulant matrices to block Toeplitz and

block circulant matrices and derived Szegd’s theorem for block Toeplitz matrices.
2.9 Subspace Angle

To quantify the “distance” between two subspaces with possible different dimensions, we

establish the following definition of angle between subspaces to compare subspaces of possibly
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different dimensions.

Definition 2.3. Let S4 and Sp be the subspaces formed by the columns of the matrices A

and B respectively. The subspace angle © o g between Sa and Sg is given by

S = inf Pgra
cos(©4,B) aesﬁauflﬂ Bal,

if dim(Sg) > dim(Sa), or

cos(Oap):= inf  ||Pab|>
beSp,||bll2=1

if diim(Sp) < dim(Sa). Here Pg (or Pa) denotes the orthogonal projection onto the column
space of B (or A).

We remark that when the subspaces S4 and Sp have the same dimension, our definition
of subspace angle coincides to the subspace gap [43], defined as sin(©4 p). Smaller O4 p
indicates a smaller gap between S4 and Sg. We also connect our definition of subspace

angle to principal angles between two subspaces defined as follows.

Definition 2.4. [10] Suppose A € RY*?P and B € RN*? are orthonormal bases for the
subspaces Sq4 C RN and Sg, respectively. Suppose p > q. Then the principal angles
between Sa and Sg, p1(A, B) < ¢2(A,B) < --- < ¢,(A, B), are defined as

cos (¢i(A, B)) = 0;(A*B)

foralli e {1,2,...,q}, where o,(-) denotes the i-th largest singular value.

We note that the subspace angle © 4 g is equivalent to the largest principal angle ¢,( A, B).

To see this, we rewrite the smallest singular value:

A B)=0,A"B)= inf ||A*B = inf A*b||, = inf Psb
03 (6,(4, B)) = 0,(A'B) = inf |A'Bal, = inf [Abl,= _ inf [Pabl,,

where the last inequality follows because by assumption A is an orthonormal basis for S4.
Thus, our definition of subspace angle captures the largest possible principal angle between

two subspaces.
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2.10 Harmonic Analysis on Locally Compact Abelian Groups

We now provide some basic terminology in group theory and introduce the generalized

Fourier transforms for functions defined on groups.
2.10.1 Groups and Dual Groups

To begin, we first list some necessary definitions related to groups.

Definition 2.5 (Definition 7.1 [25]). A (closed) binary operation, o, is a law of composition
that produces an element of a set from two elements of the same set. More precisely, let G

be a set and g1, g2 € G be arbitrary elements. Then (g1,g92) — g1 0 g2 € G.

Definition 2.6 (Definition 7.2 [25]|). A group is a set G together with a (closed) binary

operation o such that the following properties hold:
e Associative property: g1 o (g2 0 g3) = (g1 © g2) © g3 holds for any g1, 92,93 € G.
o There exists an identity element e € G such that eo g = goe = g holds for all g € G.
e For any g € G, there is an element g=' € G such that gt og=gog ' =e.

With this definition, it is common to denote a group just by G without mentioning the
binary operation o when it is clear from the context.

Let G denote a locally compact abelian group.? A locally compact abelian group can be
either discrete or continuous, and either compact or non-compact. A character x¢ : G — T
of G is a continuous group homomorphism from G with values in the circle group T :=

{z € C: |z] = 1} satisfying

2To simplify many technical details, we only consider locally compact abelian groups. A locally compact

group is a topological group for which the underlying topology is locally compact and Hausdorff (which is
a topological space in which distinct points have disjoint neighborhoods). An abelian group, also called a
commutative group, is a group in which the result of applying the group operation to two group elements
does not depend on the order. When G is locally compact but neither compact nor abelian, many of our
results still hold but become more complex. For example, even choosing a suitable measure on G for a
general G is a difficult problem. Only under appropriate conditions can one find an appropriate measure
on G such that the inversion formula holds.
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Ixe(9)l =1,
Xe(9) = xelg™),
xXe(hog) = xe(h)xe(9)-

for any g,h € G. Here x{(g) is the complex conjugate of x¢(g). The set of all characters
on G introduces a locally compact abelian group, called the dual group of G and denoted
by G if we pair (9,€) = xe(g) for all £ € G and g € G. In most references the character is
denoted simply by x rather than by x.. However, we use here the notation x, in order to
emphasize that the character can be viewed as a function of two elements g € G and £ € @,
and for any & € ((A}, Xe is a function of g. In this sense, x¢(g) can be regarded as the value
of the character x; evaluated at the group element g. Table 2.1 lists several examples of
groups G, the corresponding binary operation o and the corresponding dual groups G that
have relevance in signal processing and information theory. Here mod(a,b) = ¢ — [ 7], where

|c] is the largest integer that is not greater than c.

Table 2.1: Examples of groups G, along with their dual groups G and Fourier transforms.

group G ‘ dual group G ‘ g ‘ binary operation o ‘ 19 ‘ Xe(9)

R R n t + to F | gi2nFt

R" R" t t+ 1t F | i

unit circle [0, 1) Z t mod(t; + to, 1) L | o2tk

Z unit circle n ny + no f PPLID

Zy = N roots of unity | Zy = N roots of unity | n | mod(ny +na, N) | k | €%

2.10.2 Fourier Transforms

The characters {Xg}&@ play an important role in defining the Fourier transform for
functions in Lo(G). In particular, the Pontryagin duality theorem [106], named after Lev
Semennovich Pontryagin who laid down the foundation for the theory of locally compact

abelian groups, generalizes the conventional CTFT on Ly(R) and CT Fourier series for
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periodic functions to functions defined on locally compact abelian groups.

Theorem 2.1 (Pontryagin duality theorem [106]). Let G be a locally compact abelian group

and p be a Haar measure on G. Let x(g) € Lo(G). Then the Fourier transform T(§) € Lao(G)
1s defined by

z(§) = /Gx(g)XZ(g) d p(g).

For each Haar measure p on G there is a unique Haar measure v on G such that the following

inverse Fourier transform holds

£(g) = / #(E)xe(g) dv (o).

The Fourier transform satisfies Parseval’s theorem.:

/G l2(9)2 d p(g) = / B dw(e).

Only Haar measure and integral on G are considered throughout this paper. We note
that the unique Haar measure v on G depends on the choice of Haar measure g on G. We
illustrate this point with the conventional DFT as an example where ¢ = n € G = Zy,
§=keG = Zy, and xelg) = eI2™N | If we choose the counting measure (where each
element of G receives a value of 1) on G, then we must use the normalized counting measure

(where each element of G receives a value of %) on G. The DFT and inverse DFT become

z[k] = > x[n]e 7N xln] =

=
=2

—1
Z[k]e’?m N |

0

1
N

i
<)
e
I

One can also choose the semi-normalized counting measure (where each element receives a

value of \/Lﬁ) on both groups G and G. This gives the normalized DFT and inverse DFT:

~

N-1
1 —jonnk = jomnk

xlk] = N E x[nle 7N x[n] = 7N x[k)e’* "N .
N3 Nz

For convenience, we rewrite the Fourier transform and inverse Fourier transform as follows

when the Haar measures are clear from the context:

7€) = / 2(9)x2(9) dg; 2(g) = / (E)xelg) €.
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~ ~

We also use F : Ly(G) — Lo(G) and F~' : Ly(G) — Lo(G) to denote the operators
corresponding to the Fourier transform and inverse Fourier transform, respectively.
For each group G and dual group G listed in Table 2.1, the table also includes the

corresponding Fourier transform.
2.10.3 Convolutions

For any x(g),y(g) € L2(G), we define the convolution between z(g) and y(g) by

(1) (g) = / y(hye(h~ o g)d h. (2.24)

Similar to what holds in the standard CT and DT signal processing contexts, it is not difficult
to show that the Fourier transform on G also takes convolution to multiplication. That is,

for any z,y € Lo(G),

Floxy)(€) = /G /G y(hye(h" o g)dh xi(g)dg

= /G/(}:U(hl o g)XZ(hfl og)dyg Xz(h)y(h) dh
= (Fz)(§)(Fy)(§)

since [, x(h'og)dg = [,x(g)dyg for any z € Ly(G) and h € G.
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CHAPTER 3
THE FAST SLEPIAN TRANSFORM

As explained in Section 2.7, the DPSS basis Sk (a.k.a the Slepian basis, defined in Sec-
tion 2.6) is the best basis (in a MSE sense) of K columns to represent the discrete vector one
obtains when collecting a finite set of uniform samples from a baseband analog signal, the
motivating example of parameterized subspace model listed in Section 1.2. Thus, the DPSS
basis forms the foundation for the analysis of the parameterized subspace model listed in Sec-
tion 1.2. In this chapter3, we present a fast method for computing approximate projections
and transforms onto the leading DPSS vectors. The complexity of the resulting algorithms
is comparable to the FF'T, and scales favorably as the quality of the desired approximation
is increased. In the process of bounding the complexity of these algorithms, we also establish
new nonasymptotic results on the eigenvalue distribution of discrete time-frequency localiza-
tion operators. We also establish new nonasymptotic results on the eigenvalue distribution

of periodic discrete time-frequency localization operators.

3.1 The Eigenvalue Distribution of Discrete Time-Frequency Localization Op-
erators

We begin with non-asymptotic results on the distribution of the DPSS eigenvalues. Com-
paring (2.16) with (2.18) we see that the prolate matrix By and the orthogonal projector
onto the partial Fourier matrix Fy w Fy y;, share a somewhat similar structure, where By
is a Toeplitz matrix with rows (or columns) given by the sinc function, whereas Fy w Fy yy,
is a circulant matrix with rows (or columns) given by the digital sinc or Dirichlet function.
In Theorem 3.1, which is proven in Section A.1, we show that up to a small approximation

error ¢, the difference between these two matrices has a rank of O(log NV log %)

3This work is in collaboration with Mark A. Davenport, Santhosh Karnik, Justin Romberg, and Michael B.
Wakin [74, 75, 143].
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Theorem 3.1. Let N € N and W € (0,%) be given. Then for any € € (0,3), there ewist

N x Ry, matrices Li,Ly and an N X N matriz Er such that
BN,W = FN,WF]T/,W + LlL; + EF,

where

15

4
RL < CN log (?> , CN = (P log(8N) + 6) , and ||EF|| <e

We also note that the proof of Theorem 3.1 provides an explicit construction of the
matrices L; and Ly, which could be of use in practice.

An important consequence of Theorem 3.1 which will be useful to us, and which is also
of independent interest, is that it can be used to establish a nonasymptotic bound on the
number of eigenvalues /\%?W of Byw in the “transition region” between € and 1 —e. In
particular, Lemma 2.1 tells as that in the limit as N — oo we will have that the first
~ 2NW eigenvalues will approach 1 while the last ~ N (1 — 2W) eigenvalues will approach
0. However, this does not address precisely how many eigenvalues we can expect to find
between € and 1 — €.

In [118], it is shown that for any b € R, if k = [2W N + L log N|, then Ay, — (1+€™)"!
as N — oo. By setting b = Llog(+ — 1), we get )\E\I,C?W — €. Similarly, by setting b =

—% log(% — 1), we get Agl\?,)w — 1 — €. This gives us the asymptotic result:

2 1
#{f:eg)\%)wg1—6}~—210gN10g(——1>. (3.1)
’ m €

Figure 3.1 shows a numerical comparison of #{¢ : ¢ < )\%?W <1—¢}and % log N log (% — 1).
A nonasymptotic bound on the width of this transition region is given in [148|, which

shows that for any N € N, W € (0, 5), and € € (0, 3),

Zlog(N — 1) + 5201
/- <)\(f) <1_ < 2 2 N-1
#{ € > NW — 6} — 6(1 - 6)

This bound correctly highlights the logarithmic dependence on N, but can be quite poor

when € is very small (O(1/€) as opposed to the O(log(1/¢)) dependence in the asymptotic
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Eigenvalue Gapsize vs. DPSS Length for W = ll

#{l:e< /\A(O”, <1l—¢}

WAL i

L L L L L L L L L L L )
16 32 64 128 256 512 1024 2048 4096 8192 16384 32768 65536

Figure 3.1: The solid lines represent the size of eigenvalue gap for 2 < N <216 W = 1,
and € = 10731075107, 107'2. The dashed lines represent the asymptotic result in (3.1).
Note that the size of the eigenvalue gap appears to grow linearly with log N and linearly
with log(2 — 1).

result). In the following corollary of Theorem 3.1, we significantly sharpen this bound in
terms of its dependence on € to within a constant factor of the optimal asymptotic result.
The intuition behind this result is that Theorem 3.1 demonstrates that By can be ap-
proximated as Fyw Fy y, (a matrix whose eigenvalues are all either equal to 1 or 0) plus a

low-rank correction, and the rank of this correction limits the number of possible eigenvalues

in the transition region.
Corollary 3.1. Let N € N and W € (0,1) be given. Then for any € € (0,3),

1
#{£:e<A§$?W<1—e}§20Nlog< 5).

€
Here Cy is the constant (depending on log(N)) specified in Theorem 3.1.
This result is analogous to the main result of [69], which recently established simi-
lar nonasymptotic results concerning the eigenvalue distribution of the continuous time-
frequency localization operator. In fact, while our approach is quite a bit different than that

of [69], it is also possible to establish a version of Corollary 3.1 (with different constants)

using some of the same proof techniques as [69].
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Finally, we describe a few additional consequences of these results. Recall that By =
SywANwSyy - From Corollary 3.1 we have that the diagonal entries of the matrix Ay w
are mostly very close to 1 or 0, with only a small number of eigenvalues lying in between.
Thus, recalling that Sk denotes the N x K matrix containing the first K elements of the
Slepian basis Sx v, it is reasonable to expect that By and SkSj; (the matrix obtained
by setting the top K eigenvalues to 1 and the remainder to 0) should be within a low-rank

correction when K ~ 2NW. The following corollary shows that this is indeed the case.

Corollary 3.2. Let N € N and W € (0,3) be given. For any e € (0,3), fixt K to be such
that )\%3}1) > € and )\%{%, < 1 —¢€. Then there exist N x ry matrices Uy, Uy and an N x N

matrixz Es such that
;SBQS%»ZilgNﬂy'+-LﬁlL;%—13%

where

8 15
re < (—210g(8N) + 12> log (—) and || B <e.
m €

Similarly, consider the rank-K truncated peudoinverse of By y where K ~ 2NW (which
we will denote by B]TV,W). Since most of the first K eigenvalues of By are very close to
1, most of the first K eigenvalues of BJT\EW will also be close to 1. Also, most of the last
N — K eigenvalues of By, are very close to 0, and by definition the last N — K eigenvalues
of B;rv,w are exactly 0. Hence, it is reasonable to expect that By y and BJTVW are within a
low-rank correction when K ~ 2NW. The following corollary shows that this is indeed the

case.

Corollary 3.3. Let N € N and W € (0, 3) be given. For any e € (0,3), fix K to be such
that /\%7{1;,1) > € and )\%{%, <1—¢, and let B]T\,,W be the rank-K truncated pseudoinverse of

By . Then there exist N x r3 matrices Us,Uy and an N x N matriz E3 such that
BJTV,W = Byw + UsUj + Es,

where
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8 15
rz < (—2 log(8N) + 12> log (—) and || Es|| < 3e.
T €

A similar decomposition of the pseudo-inverse of By v, also based on a partial Fourier
tranform plus a low rank update, was presented in [95]. Our result above gives an explicit

non-asymptotic bound on the rank of the update required to achieve a certain accuracy.

Also, consider the matrix B](\t,ll;[), = (B} w + o) "' Byw where o > 0. (Note that this

matrix is associated with Tikhonov regularization, i.e. for a given y € C¥, the vector & € CV
which minimizes ||y — By w||5 + «f/x|3 is given by « = (B3 + ol) ' Bywy = B](\t,ﬂ;[),y)
Since most of the eigenvalues of By y are either very close to 1 or very close to 0, most of the

eigenvalues of B](\t,ﬂ;‘), are either very close to HLQ or very close to 0. Hence, it is reasonable to
expect that HLOCB ~,w and B](\t,ll;[), are within a low-rank correction. The following corollary

shows that this is indeed the case.

Corollary 3.4. Let N € N and W € (0,3) and a > 0 be given, and define B](\?@ =

(Bi.w + o) 'Byw. Then, for any e € (0,3), there exists an N x rq matriz Us and an

N x N matrix E4 such that

i 1 .
B%{C/I)/ = 1—|——OZBN7W + U5U5 + E4,

where

15
min(a(1 + @)e, se)

ry < (% log(8N) + 12) log < > and || Ey|| < e.

In Section 3.2, we will use Theorem 3.1 along with Corollaries 3.2, 3.3, and 3.4 to derive

fast algorithms for working with the Slepian basis.
3.2 The Fast Slepian Transform

A fast factorization of Sk S%
Suppose we wish to compress a vector & € CV of N uniformly spaced samples of a signal
down to a vector of K ~ 2NW elements in such a way that best preserves the DTFT of

the signal over |f| < W. We can do this by storing Sj-a, which is a vector of K < N
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elements, and then later recovering Sk S} @, which contains nearly all of the energy of the
signal in the frequency band |f| < W. However, naive multiplication of Sk or S} takes
O(NK) = O(2W N?) operations. For certain applications, this may be intractable.

If we combine the results of Corollary 3.2 along with that of Theorem 3.1, we get that

SkSk = Bnw + U Uy + E;
- FN,WF;\}’W —|— Lle + U1U2* + E1 + E2
=TT, + E, + E,

where

Tl = |:FN,W L1 U1:| and T2 = |:FN,W L2 U2:| .

Both T} and T, are N x K’ matrices where

K' =2NW'+7r +r < [2NW] + (glog(E%N) + 18> log (1—65) :
So we can compress @ by computing Ty @, which is a vector of K’ ~ 2NW elements, and
then later recover TyTyx. By using the triangle inequality, we have [|SkS} — TVTy| =
| By + Es|| < ||E1| + ||Es|]| < 2¢e. Hence, ||SkSix — TiTyx|ls < 2¢||xz|2 for any vector
x € CV. Both Fyy and Fy; v can be applied to a vector in O(N log N) operations via the
FFT. Since Ly, Ly, Uy, and U, are N x O(log N log %) matrices, Ly, L, Uy, and Uy can
each be applied to a vector in O(N log N log %) operations. Therefore, computing T3« and

later recovering T Tya (as an approximation for Sk Sjx) takes O(N log N log 1) operations.

Fast projections onto the range of Sy

Alternatively, if we only require computing the projected vector Sk S, and compression
is not required, then there is a simpler solution. Corollary 3.2 tells us that ||Sx Sy — (Bnw +
U,U;)| < ¢, and thus, ||SkSkx — (Bywx + UUsx)|2 < €||z||2 for any vector € CV.
Since By, is a Toeplitz matrix, computing By can be done in O(N log N) operations

via the FFT. Since U; and U, are N x O(N log N log %) matrices, computing U,Ujx can
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be done in O(N log N log %) operations. Therefore, we can compute By wx + U U;x as an

approximation to Sk Sy using only O(N log N log 1) operations.

Fast rank-K truncated pseudoinverse of By

A closely related problem to working with the matrix Sk S}, concerns the task of solving
a linear system of the form y = Bywx. Since the prolate matrix has several eigenval-
ues that are close to 0, the system is often solved by using the rank-K truncated pseu-
doinverse of By where K ~ 2NW. Even if the pseudoinverse is precomputed and
factored ahead of time, it still takes O(NK) = O(2W N?) operations to apply to a vec-
tor y € CV. Corollary 3.3 tells us that ”B;fv,w — (Byw + UsUJ)|| < 3¢, and thus,
||BNWy — (Bywy + UsUy)|l2 < 3elly|l2 for any vector y € CV. Again, computing
By wy can be done in O(N log N) operations using the FFT, and computing UsU}y can
be done in O(N log N log %) operations. Therefore, we can compute By wy + UsUjy as an

approximation to B}vay using only O(N log N log %) operations.

Fast Tikhonov regularization involving By

Another approach to solving the ill-conditioned system y = By wx is to use Tikhonov
regularization, i.e., minimize ||y — Bywa|3 + alz||3 where a > 0 is a regularization pa-
rameter. The solution to this minimization problem is @ = (B3 + oI)"'Bywy. Even
if the matrix BA?I;V (BX.w + o) ' Byw is computed ahead of time, it still takes O(N?)
operations to apply to a vector y. Corollary 3.4 tells us that HB (iik) — (Bynw +UsU3)|| <,
and thus, ||B1(\t,ﬂ;1)/y (Bywy + UsUzy) |2 < €lly|lz for any vector y € CV. Again, com-
puting By wy can be done in O(N log N) operations via the FFT. Since Us has size N x
O (log Nmax(log ,log = )) computing UsU;y can be done in O(N log N max(log log )

(tik)

operations. Therefore, we can compute By wy + UsU5y as an approximation to By 1y

using only O (N log N max(log -, log 1)) operations.

The least-squares problems above involve the inverse of By, a symmetric semi-definite

Toeplitz matrix. There is a long history of “superfast” algorithms for inverting such systems
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in the signal processing [98, 72| and numerical linear algebra [4, 62, 8| literature. These
algorithms take a number of different forms. They usually work by breaking the matrix into
smaller blocks, either hierarchically [94] or recusively [9, 102], and then exploiting the struc-
ture of the matrix to efficiently combine the solutions of smaller systems into a solution for
the entire system. The overall computational complexity of these algorithms is O(N log? N )
for the first solve with a given matrix, and O(N log N) for subsequent solves. An overview
of these methods can be found in [129].

The approach suggested by Corollary 3.3 (and the regularized version in Corollary 3.4)
have the same run time of O(N log N), but are based on entirely different principles. The-
orem 3.1 essentially states that the matrix By is a low-rank update away from an ortho-
projection, and this orthoprojection can be computed quickly using the FFT. Corollaries
3.3 and 3.4 show that this property also holds for the (regularized) pseudo-inverse. These
mathematical results show that this particular system can be very closely approximated by
a sum of circulant and low-rank matrices, which leads directly to efficient algorithms for

solving least-squares problems.
3.3 Applications

Owing to the concentration in the time and frequency domains, the Slepian basis vectors
have proved to be useful in numerous signal processing problems [2, 32, 118, 140, 31|. Linear
systems of equations involving the prolate matrix By also arise in several problems, such
as band-limited extrapolation [118]. In this section, we describe some specific applications

that stand to benefit from the fast constructions described above.

i. Representation and compression of sampled bandlimited and multiband

signals. Consider a length-N vector & obtained by uniformly sampling a baseband analog

1
Bband

signal z(t) over the time interval [0, NT;) with sampling period T < chosen to satisfy
the Nyquist sampling rate. Here, x(¢) is assumed to be bandlimited with frequency range

[—Bband/2, Brand/2|. Under this assumption, the sample vector & can be expressed as
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w
x[n] :/_WX(f)ej2”f” df, n=0,1,...,N —1, (3.2)

or equivalently,

o= [ X(esar (3.3)

where W = TBpana/2 < % and X (f) is the DTFT of the infinite sample sequence x[n| =
x(nTy),n € Z. Such finite-length vectors of samples from bandlimited signals arise in prob-
lems such as time-variant channel estimation [140] and mitigation of narrowband interference
[29]. Solutions to these and many other problems benefit from representations that efficiently
capture the structure inherent in vectors @ of the form (3.3).

In [32], the authors showed that such a vector  has a low-dimensional structure by
building a dictionary in which & can be approximated with a small number of atoms. The
N x N DFT basis is insufficient to capture the low dimensional structure in @& due to the
“DFT leakage” phenomenon. In particular, the DFT basis is comprised of vectors e; with
f sampled uniformly between —1/2 and 1/2. From (3.3), one can interpret & as being
comprised of a linear combination of vectors e; with f ranging continuously between —W
and W. It is natural to ask whether @ could be efficiently represented using only the DFT
vectors ey with f between —WW and W; in particular, these are the columns of the matrix
Fyw defined in (2.17). Unfortunately, this is not the case—while a majority of the energy
of © can be captured using the columns of Fy v, a nontrivial amount will be missed and
this is contained in the familiar sidelobes in the DFT outside the band of interest.

An efficient alternative to the partial DF'T Fly y is given by the partial Slepian basis Sk
when K ~ 2NW. In [32], for example, it is established that when x is generated by sampling
a bandlimited analog random process with flat power spectrum over [—Byana/2, Bbana/2),
and when one chooses K = 2NW/(1 + ¢), then on average Sk Sjx will capture all but
an exponentially small amount of the energy from x. Zemen and Mecklenbriuke [140]

showed that expressing the time-varying subcarrier coefficients in a Slepian basis yields better
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performance than that obtained with a DFT basis, which suffers from frequency leakage.

By modulating the (baseband) Slepian basis vectors to different frequency bands and
then merging these dictionaries, one can also obtain a new dictionary that offers an efficient
representation of sampled multiband signals. Zemen et al. [141]| proposed one such dictionary
for estimating a time-variant flat-fading channel whose spectral support is a union of several
intervals. In the context of compressive sensing, Davenport and Wakin [32]| investigated
multiband modulated DPSS dictionaries for sparse recovery of sampled multiband signals,
and Sejdi¢ et al. [110] applied such dictionaries for recovery of physiological signals from
compressive measurements. In Chapter 5, we employed such dictionaries for detecting targets
behind the wall in through-the-wall radar imaging, and modulated DPSS’s can also be useful
for mitigating wall clutter [2].

In summary, many of the above mentioned problems are facilitated by projecting a length-
N vector onto the subspace spanned by the first K ~ 2NW Slepian basis vectors (i.e.,
computing Sk Sy ). One version of the Block-Based CoSaMP algorithm in [32] involves
computing the projection of a vector onto the column space of a modulated DPSS dictio-
nary. The channel estimates proposed in [111] are based on the projection of the subcarrier
coefficients onto the column space of the modulated multiband DPSS dictionary. Of course,
one can also compress x by keeping the ~ 2NW Slepian basis coefficients Sy« instead of
the IV entries of . Computationally, all of these problems benefit from having a fast Slepian
transform: whereas direct matrix-vector multiplication would require O(2NW - N) = O(N?)
operations, the fast Slepian constructions allow these computations to be approximated in

only O (N log N log %) operations.

i1. Prolate matrix linear systems. Linear equations of the form By yy = b arise
naturally in signal processing. For example, suppose we obtain the length-N sampled ban-
dlimited vector & as defined in (3.2) and we are interested in estimating the infinite-length
sequence z[n] = x(nTy), ¥n € Z. The discrete-time signal x[n] is assumed to be bandlim-

ited to [-W, W] for W < 1. Let Zy : {3(Z) — C¥ denote the index-limiting operator
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that restricts a sequence to its entries on [N] (and produces a vector of length N); that
is Zn(y)[m| := y[m] for all m € {0,1,..., N — 1}. Also, recall that By : ls(Z) — (2(Z)
denotes the band-limiting operator that bandlimits the DTFT of a discrete-time signal to
the frequency range [—W,W]. Given x, the least-squares estimate T[n| € [3(Z) for the

infinite-length bandlimited sequence takes the form

] = [(INBW om sm27rW(n — )7

—m)

m=0

where v = B}V w-
Another problem involves linear prediction of bandlimited signals based on past samples.
Suppose z(t) is a continuous, zero-mean, wide sense stationary random process with power

spectrum
B an B an
P (F) = Bt 3 S E ST
0, otherwise.
Let z[n] = z(nTy) denote the samples acquired from z(¢) with a sampling interval of T, <
. A linear prediction of x[/N] based on the previous N samples z[0], z[1],...,z[N — 1]

Bban

takes the form [118]

Choosing a,, such that Z[/N] has the minimum mean-squared error is equivalent to solving

mm 0:= (Z anzn ])

Let W =

. Taking the derivative of p and setting it to zero yields

2Bb and
BNy[/CL =b
. . . T
with @ = [ag ay - -- aN_l]T and b = [SIH(QLEVN) SIH(%QV]\[;(_JY)_I)) Sm(zﬁw”] . Thus the opti-

mal a is simply given by a = B]T\,’Wb.
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We present one more example: the Fourier extension [68]. The partial Fourier series sum

1 ~ _jnm -~ 1 ! —jnm
yN’(t) = \/5 E ynej tv Yn = 2/ y(t)e ! tdt
—1

In|<N’

of a non-periodic function y € L[{Ll} (such as y(t) = t) suffers from the Gibbs phenomenon.
One approach to overcome the Gibbs phenomenon is to extend the function y to a function
g that is periodic on a larger interval [—7, 7| with 7" > 1 and compute the partial Fourier

series of ¢ |68]. Let Gy~ be the space of bandlimited 2T -periodic functions

N//
o gmmt
Gnr = {g:g(t): Z gneJT 7 gnE(C}.

n=—N"

The Fourier extension problem involves finding

(3.4)

gnr = arggggn ly — gl 2

N [~1.1]

The solution gy~ is called the Fourier extension of y to the interval [—T,T]. Let g =

[ng” T /9\0 e /g\N”]T and deﬁne fN” : LQ([_17 1]) — CQN,,+1 as

1 ' — inmt "
(Fxolw)ln] = o= / () Fdt, o] < N

For convenience, here we index all vectors and matrices beginning at —N”. Any minimizer

g of the least-squares problem (3.4) must satisfy the normal equations
FanFi§ = Fany, (3.5)
where Fn»y can be efficiently approximately computed via the FFT. One can show that
FnnFyn = Byw, where N =2N" +1 and W = % < %
Each of the above least-squares problems could be solved by computing a rank-K trun-
cated pseudo-inverse of By w with K ~ 2NW. Direct multiplication of this matrix with a

vector, however, would require O(2NW - N) = O(N?) operations. The fast methods we have

developed allow a fast approximation to the truncated pseudo-inverse to be applied in only
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O (Nlog N log %) operations.
3.4 Simulations

In this section, we present several numerical simulations comparing our fast, approximate

algorithms to the exact versions.
Fast projection onto the span of Sy

To test our fast factorization of Sx S} and our fast projection method, we fix the half-
bandwidth W = }l and vary the signal length N over several values between 28 and 2%,
For each value of N we randomly generate several length-N vectors and project each one
onto the span of the first K = round(2NW) elements of the Slepian basis using the fast
factorization 11Ty and the fast projection matrix By w 4+ U,Uj for tolerances of € = 1073,
107%, 1079, and 107'2. The prolate matrix, By, is applied to the length N vectors via an
FFT whose length is the smallest power of 2 that is at least 2INV. For values of N < 12288,
we also projected each vector onto the span of the first K elements of the Slepian basis using
the exact projection matrix SkS7%. The exact projection could not be tested for values of
N > 12288 due to computational limitations. A plot of the average time needed to project
a vector onto the span of the first X = round(2NW) elements of the Slepian basis using
the exact projection matrix Si S} and the fast factorization T7T is shown in the top left
in Figure 3.2. A similar plot comparing the exact projection Sk S} and the fast projection
By w + U, Uj is shown in the top right in Figure 3.2. As can be seen in the figures the time
required by the exact projection grows quadratically with N, while the time required by the
fast factorization as well as the fast projection grows roughly linearly in V.

For the exact projection, all of the first X' = round(2NW) elements of the Slepian basis
must be precomputed. For the fast factorization, the low rank matrices L, Ly (from Theo-
rem 3.1) and the Slepian basis elements sg\?W for which € < /\S\?W < 1 — € are precomputed.
For the fast projection, the FFT of the sinc kernel, as well as the Slepian basis elements

sg\?w for which € < )\%?W < 1 — € are precomputed. A plot of the average precomputation
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time needed for both the exact projection SkSj as well as the fast factorization T7T5 is
shown in the top left in Figure 3.3. A similar plot comparing the exact projection Sk Sy
and the fast projection By + U Uy is shown in the top right in Figure 3.3. As can be
seen in the figures the precomputation time required by the exact projection grows roughly
quadratically with N, while the precomputation time required by the fast factorization as
well as the fast projection grows just faster than linearly in N.

This experiment was repeated with W = < and W = £ (instead of W = ). The results
for W = %6 and W = 6%1 are shown in the middle and bottom, respectively, of Figures Fig-
ure 3.2 and Figure 3.3. The exact projection onto the first K ~ 2NW elements of the
Slepian basis takes O(NK) = O(2W N?) operations, whereas both our fast factorization and
fast projection algorithms take O(N log N log %) operations. The smaller W gets, the larger
N needs to be for our fast methods to be faster than the exact projection via matrix multi-
plication. If W < % log N log %, then our fast methods lose their computational advantage
over the exact projection. However, in this case the exact projection is fast enough to not

require a fast approximate algorithm.
Solving least-squares systems involving By

We demonstrate the effectiveness of our fast prolate pseudoinverse method (Corollary 3.3)
and our fast prolate Tikhonov regularization method (Corollary 3.4) on an instance of the
Fourier extension problem, as described in Section 3.3.

To choose an appropriate function f, we note that if f is continuous and f(—1) = f(1),
then the Fourier sum approximations will not suffer from Gibbs phenomenon, and so, there
is no need to compute a Fourier extension sum approximation for f. Also, if f is smooth on
[—1,1] but f(—1) # f(1), then the Fourier sum approximations will suffer from Gibbs phe-
nomenon, but the Fourier extension series coefficients will decay exponentially fast. Hence,
relatively few Fourier extension series coefficients will be needed to accurately approximate f,
which makes the least squares problem of solving for these coefficients small enough for our

fast methods to not be useful. However, in the case where f is continuous but not smooth
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Figure 3.2: (Left) Plots of the average time needed to project a vector onto the first
round(2NW) Slepian basis elements using the exact projection Sk S} and using the fast
factorization T1Ty. (Right) Plots of the average time needed to project a vector onto the
first round(2NW) Slepian basis elements using the exact projection Sk S7 and using the
fast projection By w + U Us.
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on [—1,1] and f(—1) # f(1), the Fourier series will suffer from Gibbs phenomenon, and the
Fourier extension series coefficients will decay faster than the Fourier series coefficients, but
not exponentially fast. So in this case, the number of Fourier extension series coefficients
required to accurately approximate f is not trivially small, but still less than the number of
Fourier series coefficients required to accurately approximate f. Hence, computing a Fourier

extension sum approximation to f is useful and requires our fast methods.

We construct such a function f:[—1,1] — R in the form
L
f(t) = apt + Z ay exp(—‘t;—jd) (3.6)
=1

where ag = 5, L = 500, and ay, p, and o, are chosen in a random manner. A plot of f(t)
over t € [—1,1] is shown on the left in Figure 3.4. Also on the right in Figure 3.4, we show
an example of a Fourier sum approximation and a Fourier extension approximation, both
with 401 terms. Notice that the Fourier sum approximation suffers from Gibbs phenomenon
near the endpoints of the interval [—1, 1], while the Fourier extension approximation does

not exhibit such oscillations near the endpoints of [—1,1].

Function f(t) Approximations of f(t) near endpoints
T T T T T 10

— — /()
= — fu(t)
—gu(t)

-1 -0.75 -05 -0.25 0 0.25 0.5 0.75 1 -
t t t

0.96 0.98 1

Figure 3.4: (Left) A plot of the function used in the experiments described in (3.6). (Right)
Plots of the function, the Fourier sum approximation to f(¢) using 401 terms, and the Fourier
extension approximation to f(¢) using 401 terms. Note that the Fourier sum approximation
suffers from Gibbs phenomenon oscillations while the Fourier extension sum does not.
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For several positive integers M between 1 and 2560, we compute three approximations

to f(t):

1. The 2M + 1 term truncated Fourier series of f(t), i.e
1 - - ~ 1
fu(t) = — fme?™ where f,, = —/ f(t)e™* dt.
2, vl
2. The 2M + 1 term Fourier extension of f(¢) to the interval [T, 7], i.e

gur(t) = G,
\/_ Z

1 4
where 1, = —— t)ei™t/T gt and § = BT Here, we pick T = 1.5,
J \/2—f_1f( ) g ot 2Ty p
and we let B! 1 be the truncated pseudoinverse of B 1 which zeros out
M+1),57 (2M+1),57

eigenvalues smaller than 1074

3. The 2M +1 term Fourier extension of f(t) to the interval [—T, T (as described above),
except we use the fast prolate pseudoinverse method (Corollary 3.3) with tolerance

e = 107 instead of the exact truncated pseudoinverse.

The integrals used in computing the coefficients are approximated using an FFT of length
21314 where q = |logy, M |. By increasing the FFT length with M, we ensure that the coef-
ficients are sufficiently approximated, while also ensuring that the time needed to compute

the FF'T does not dominate the time needed to solve the system B y. Given an

(@M+1),55 9=
approximation f (t) to f(t), we quantify the performance via the relative root—mean—square
(RMS) error:

I1f = Fllz2i-
Il 221,

A plot of the relative RMS error versus M for each of the three approximations to f(t)

is shown on the left in Figure 3.5. For values of M at least 448, the Fourier extension gy (t)
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(computed with either the exact or the fast pseudoinverse) yielded a relative RMS error
at least 10 times lower than that for the truncated Fourier series fy/(t). Using the exact
pseudoinverse instead of the fast pseudoinverse does not yield a noticable improvement in
the approximation error. A plot of the average time needed to compute the approximation
coefficients versus M is shown on the right in Figure 3.5. For large M, computing the
Fourier extension coefficients using the fast prolate pseudoinverse is significantly faster than
computing the Fourier extension coefficients using the fast prolate pseudoinverse. Also,
computing the Fourier extension coefficients using the fast prolate pseudoinverse takes only

around twice the time required for computing the Fourier series coefficients.

Relative RMS Error vs. Number of Terms Average Computation Time vs. Number of Terms

—Fourier sum
—Fourier extension (exact pinv)

- - Fourier extension (fast pinv)

relative RMS error
average time (sec)

-3
10 —Fourier sum

—Fourier extension (exact pinv)

- - Fourier extension (fast pinv)

0 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500
M M

Figure 3.5: A comparison of the relative RMS error (left) and the computation time required
(right) for the 2M + 1 term truncated Fourier series as well as the 2M + 1 term Fourier
extension using both the exact and fast pseudoinverse methods. Note that the exact and
fast methods are virtually indistinguishable in terms of relative RMS error.

We repeated this experiment, except using Tikhonov regularization to solve the system

0141), g = y instead of the truncated pseudoinverse. We tested both the exact Tikhonov

regularization procedure g = (B> . +al)™'B 7 (for « = 107%) as well as the

1
(2M+1), 57 (2M+1),57

fast Tikhonov regularization method (Corollary 3.4) with a tolerance of ¢ = 107°. The

results, which are similar to those for the pseudoinverse case, are shown in Figure 3.6.
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Relative RMS Error vs. Number of Terms Average Computation Time vs. Number of Terms

T
— Fourier sum

~—Fourier extension (exact Tikhonov)
- - Fourier extension (fast Tikhonov)

102k
7
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<
&

—Fourier sum
— Fourier extension (exact Tikhonov)
- - Fourier extension (fast Tikhonov)

. . . . ; 104k . h : : =
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Figure 3.6: A comparison of the relative RMS error (left) and the computation time required
(right) for the 2M + 1 term truncated Fourier series as well as the 2M + 1 term Fourier
extension using both the exact and fast Tikhonov regularization methods. Note that the
exact and fast methods are virtually indistinguishable in terms of relative RMS error.

3.5 The Eigenvalue Distribution of Discrete Periodic Time-Frequency Limiting
Operators

The periodic discrete prolate spheroidal sequences (PDPSS’s), introduced by Jain and
Ranganath [71] and Griinbaum [57], are the counterparts of the PSWF’s in the finite di-
mensional case. The PDPSS’s are the finite-length vectors whose discrete Fourier transform
(DFT) is most concentrated in a given bandwidth. Being simultaneously concentrated in
the time and frequency domains makes these vectors useful in a number of signal processing
applications. For example, Jain and Ranganath used PDPSS’s for extrapolation and spectral
estimation of periodic discrete-time signals [71]. PDPSS’s were also used for limited-angle
reconstruction in tomography [57], for Fourier extension [95], and in [65], the bandpass
PDPSS’s were used as a numerical approximation to the bandpass PSWF’s for studying
synchrony in sampled EEG signals.

The distribution of the eigenvalues of a time-frequency limiting operator dictate the
(approximate) dimension of the space of signals which are bandlimited and approximately
timelimited [120, 118]. Such distributions are known for the case of PSWF’s and DPSS’s.
Specifically, an asymptotic expression for the PSWF eigenvalues was given in [116], and

more recently, Israel [69] provided a non-asymptotic bound. Slepian [118] first provided
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an asymptotic expression for the DPSS eigenvalues. In [75]|, we recently provided a non-
asymptotic result for the distribution of the DPSS eigenvalues (which improves upon a
previous result in [148]).

There exist comparatively few results concerning the PDPSS eigenvalues. In [137], it was
shown that unlike the PSWF and DPSS eigenvalues, the PDPSS eigenvalues can exactly
achieve 0 and 1 and are degenerate in some cases. A non-asymptotic result on the distri-
bution of the PDPSS eigenvalues was given in [45]. The special distribution of the PDPSS
eigenvalues (See Figure 3.7) has been exploited for fast computing Fourier extensions of ar-
bitrary extension length in [95]. In this paper, we provide a finer non-asymptotic result that
improves upon the expression in [45]. We also characterize the spectrum of submatrices of
the DFT matrix (see Corollary 3.5), which is of independent interest in signal processing.
For example, the low rank of DFT submatrices can be exploited for efficiently computing
DFT [45].

With abuse of notation?, let Ty : C¥ — CM denote a time-limiting operator that only
keeps the first N < M entries of a vector, i.e., for any & € CM,

el { 4 V2RI

The DFT of any & € CM, denoted by & € C¥, is defined as

_s2mnm

M—1
1
xn| = — xlmle™? "M n e [M],
g
where [M] = {0,...,M —1}. Given &, = can be recovered by taking the inverse DFT
(IDFT), i.c.,

Suppose K € N such that 2K +1 < M. Let Bx : CM¥ — CM denote a band-limiting

operator that first zeros out the DFT of a vector outside the index range Zx := {0, ..., K} U

4In this section, the time- and band-limiting operators are slightly different than the ones in Section 2.5. But
it should be clear to distinguish them from the context.
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{M — K,...,M — 1}, then returns the corresponding signal in the time domain by taking

the IDFT. That is

keTk
1 M-1
-2ntnk  2mkm
= Z xnle ™ M M
k€K n=0
M-1 .
sin (2K + 1)(m — n)m/M) i)
= : x[n].
“~  Msin((m —n)r/M)

Denote W = 2541 < 1 Let By € CM*M denote a prolate matrix with entries

sin (27W (m — n))
M sin ((m —n)w /M)

EM,W[m,n] = , m,n € [M].

Note that By is equivalent to By, whose eigenvectors are given by the PDPSS’s [71, 57].

Let [EMW] ~ € CV*N be the leading principal submatrix of EMW constructed by remov-
ing the last M — N rows and columns from Bj;y,. Composing the time- and band-limiting
operators, we obtain the linear operator TyBrTn : CM — CM | which has the same non-zero
eigenvalues as [Bw|y. Similar to the case for the DPSS’s which can be obtained efficiently
and numerically stably by computing the eigenvectors of a tridiagonal matrix [118], Griin-
baum [57] showed that the prolate matrix [Bj,w]y commutes with a tridiagonal matrix,
providing a stable and reliable method for computing the PDPSS’s.

In the rest of this section, we assume 2K + 1 < M, which is of practical interest for

applications (e.g., |71, 57, 65]). Let 1 > )\53) > )\5\1,) > ---)\%V_l) > 0 denote the eigenvalues

of [Brw]n, where the upper and lower bounds follow because
|lz|* > «*Bywae = ) |2[k]|* >0
k€lx

for all z € CM, indicating that the eigenvalues of By are between 0 and 1 (and thus so
are the eigenvalues of [Byw]y by the Sturmian separation theorem [67]). We note that

when 2K +1 > M, it is possible that some eigenvalues )\%) > 1; see [137] for more discussion
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on this.

We establish the following results (whose proof is given in Appendix A.7) concerning the

eigenvalue distribution for [By;w|n.

Theorem 3.2. (Spectrum concentration for [Byw|n) For any M, N, K € N, suppose N <

M and W = 2841 1

Ml < 1. Then for any € € (0,3), we have

)\S\QTLNWJ—R(N,M,e)) >1— €, A%LNWJ-&-R(N,M,&)-‘:—l) <e

Y

and
#{l:e< )\%) <1—¢€} <2R(N,M,e),

where

~1og (% ((4)" 1) ) .
og 7

log ()

eigenvalues tend to cluster very

4 16
R(N,M,e) = <Plog(8N) + 6> log (?> + 2 max

(2K+1)N

In words, Theorem 3.2 implies that the first ~ “=—;

close to one, while the remaining eigenvalues tend to concentrate about zero, after a narrow
transition band of width O(log 2log N).> Figure 3.7(a) presents an example to illustrate
this phenomenon. We note that this phenomenon has been utilized in [95] for efficiently
computing Fourier extensions. A similar bound on the width of the transition band is given

in [45], which shows

4 {f ce<A0 <1 e} ~ O(log N). (3.7)

This bound highlights the logarithmic dependence on N, but ignores the dependence on® .

Theorem 3.2 improves (3.7) by showing also the logarithmic dependence on e. Figure 3.7(b)

shows the size of thetransition band for different N and e, illustrating that the size is pro-

°0(-) denotes the standard “big-O” notation.
SWith simple manipulation, this bound states O(1/¢) dependence on €, which is quite large when ¢ is very
small.
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Figure 3.7: (a) Eigenvalues of the prolate matrix B w]y with M = 1024, N = 256, K = 128
so that % ~ 64 (dashed line); (b) Width of the transition band #{¢: ¢ < )\%) <1—¢}

for N =IM,K =¢M, and e =107%,1075,107%, 10 "2,
portional to log % log N.

Theorem 3.2 also has implications regarding the distribution of singular values of subma-
trices of the DFT matrix. Specifically, let Fj; be the normalized DFT matrix with entries
given by

1 N mn
Fy[m,n] = —e 7™ m,n € [M].

\/M
Let L = % be an integer and let Fj, denote an L x L submatrix of F); obtained by deleting
any consecutive M — L columns and any consecutive M — L rows of F);. Edelman et al. [45]
proposed an approximate algorithm for DFT computations with lower communication cost
based on the compressibility (low rank) of the blocks of Fy, i.e., Fyp. Let 1 > a® >
... > ¢E=D > 0 denote the singular values of Fpp. For any € € (0, %), similar to (3.7),
#{l:e<o <\1T—¢} ~O(logL) is given in [45]. The following result (which is proved
in Appendix A.8) establishes a finer non-asymptotic bound (that highlights the logarithmic

dependence on €) for this width.

Corollary 3.5. For any M,p € N such that L = % is an integer, let Fyy, denote an L X L
submatriz of the normalized DFT matriz Fy; obtained by deleting any consecutive M — L

columns and any consecutive M — L rows of Fy;. Let 0© > ... > ¢(E=D denote the singular
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values of Fyp,. Then for any e € (0, %),

U(ZLiij(L,M,e)) > I—e 2|55 [+ R(L,M,e)+1) Ve

O'( = €,
and
#{l,Ve<ao <V1—€} <2R(L,M,e),

where R(-,-,-) is specified in Theorem 8.2.

o4



CHAPTER 4
ROAST: RAPID ORTHOGONAL APPROXIMATE SLEPIAN TRANSFORM

In the last chapter, we proposed a fast method for computing approximate projections
onto the leading DPSS vectors and compressing a signal to the corresponding low dimension.
Despite its favorable properties, the fast algorithm presented in Chapter 3 does not corre-
spond to an orthogonal projection. In this chapter’, we provide an alternative subspace—
which enables a fast transform named Rapid Orthogonal Approximate Slepian Transform
(ROAST)—for the discrete vector one obtains when collecting a finite set of uniform sam-
ples from a baseband analog signal (one of the parameterized subspace models listed in
Section 1.2). The ROAST offers an orthogonal projection which is an approximation to the
orthogonal projection onto the leading DPSS vectors. As such, the ROAST is guaranteed
to accurately and compactly represent not only oversampled bandlimited signals but also
the leading DPSS vectors themselves. Moreover, the subspace angle between the ROAST
subspace and the corresponding DPSS subspace can be made arbitrarily small. The com-
plexity of computing the representation of a signal using the ROAST is comparable to the
FFT, which is much less than the complexity of using the DPSS basis vectors. We also
give non-asymptotic results to guarantee that the proposed basis not only provides a very
high degree of approximation accuracy in a mean-square error sense for bandlimited sample
vectors, but also that it can provide high-quality approximations of all sampled sinusoids

within the band of interest.
4.1 Construction of ROAST and Relation to the DPSS Subspace

In the last chapter, we demonstrated a fast method to approximately project an arbitrary

vector onto the subspace spanned by the first slightly more than 2NW eigenvectors of By w

"This work is in collaboration with Mark A. Davenport, Santhosh Karnik, Justin Romberg, and Michael B.
Wakin [144].
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(i.e., the DPSS vectors) by utilizing the fact that the difference between By w and Fy,w Fy;
approximately has a rank of O(log N) (see Theorem 3.1). Note that, this approximate
projection is not a true orthogonal projection onto any subspace. Here, we exhibit a subspace
that captures most of the energy in the first 2NW DPSS vectors (and also the energy in
sampled sinusoids within the band of interest), and this subspace has an orthogonal projector
that can be applied efficiently to an arbitrary vector.

By utilizing the result that Byw — Fn w Fyyy 1s approximately low rank and also that
Fyw can be applied to a vector efficiently with the FFT, we build a subspace with an

orthonormal basis of the form

Q = [FN,W Ql] )

where Q' € CN*! for some R that we can choose as desired. Let FNW denote the N x
(N — 2[NW] — 1) matrix with the highest frequency N — 2| NW | — 1 DFT vectors of
length N. Thus Fy := [FN,W FNW} is the normalized DFT matrix. Since Q' must be
orthogonal to Fy v and the columns of @' must be orthonormal, we can represent Q' by
Q' = FywV, where V. € CWV-2NWI=DxXE ig orthonormal (one can verify that Fyw@Q =0

and (Q')*Q’ =1I). Thus, the desired orthogonal approximate Slepian basis is given as

Q=[Fyvw FywV], V'V=L (4.1)

The optimal V is chosen such that the subspace spanned by @ captures the important
DPSS vectors. (Since all the DPSS vectors SSS?W, ey S%YV_VI) form an orthobasis for CV, no
subspace of C can capture all of them except CV itself.) To illustrate how we obtain V/,
consider the following weighted least squares problem

N-1

2
mingnize 0(Q) = Z )‘g\?w HSE\?W - QQ*S%)WH . (4.2)
=0
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Here we use the DPSS eigenvalue )\ nw to weight the energy in the DPSS vector s%)w
that is not captured by Q. The reason is that the larger the DPSS eigenvalue, the more
concentration the corresponding DPSS vector has in the frequency domain, implying that

the DPSS vector is more important in practical applications such as representing sampled

bandlimited signals (see (2.20)). To solve (4.2), we rewrite o(Q) as

T T
0(Q) = trace (Z )\N sNW ( (Z)W> - QQ*AS\?WSS\?W (3%)1/1/) >
= trace (Byw — QQ"Byw) (4.3)

w
[ lles - @@resliar
W

where the last line follows from (2.19). In other words, an orthonormal basis @ obtained by
minimizing o(Q) is also an optimal basis to represent sampled bandlimited vectors in the

MSE sense.

Plugging Q = [F N,W FMWV] into the above equation yields

Q(Q) = trace <F},WBN,WFN,W — VV*F;[,WBN,WFN,W>

which suggests that setting V' equal to the R dominant left singular vectors of F;LWB NW
(or F}7WB NWFNw) results in a relatively small representation residual in the right hand
of the above equation as long as Fjv,WB ~,w has an effective rank of R. The following result

provides a formal guarantee on this.

Theorem 4.1. (Representation guarantee for DPSS vectors) Fiz N € N and W € (0,1).
Let V. € CIN=2INWI=DXE be the R dominant left singular vectors of F’;\,’WBNW. For any
e € (0,3), fit K to be such that )\(K Y > ¢. Then the orthobasis Q = [Fxw FywV]

satisfies

ISkS) — QQ*SkSi|? < e,
l x (£
Is$w — QQ s\l < e
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foralll =0,1,..., K — 1 with R = [Cylog(15/€)]. Here Cy is the constant specified in
Theorem 3.1. By slightly increasing R to R = [Cylog (15N/e)], the subspace angle Og, g

between the columns spaces of Sk and Q satisfies

cos (Os, @) > V1 —e

The formal definition of (the largest principal) angle between two subspaces is given in
Definition 2.3. In formally, if the subspace angle © is small, the two subspaces are nearly
linearly dependent and one subspace is almost “contained” in the other subspace. Here, to
guarantee that the column space of Sk is almost “contained” in the column space of @,
one can make Og, o arbitrary small by increasing R. However, we note that we are not
guaranteed that ||QQ* — Sk Sk || is small since in general |QQ* — Sk Sk | =1 if Q and Sk
have a different number of columns. Instead, we are guaranteed that the subspace spanned
by the columns of Sk is approximately within the column space of @ and the subspace
angle between the two subspaces is small by Theorem 4.1. We also note that the bound on

|SKSi — QQ*SK S| is useful since for any vector a € CV

la — QQ"all

<|la - QQ"SkSkall

<l|la — SkSkal + Sk Sk — QQ*SkSk|lall
< |la — Sk Skall + Vel|all,

which implies any representation guarantee for Sx can be utilized for Q.

4.2 Representations of Sampled Sinusoids and Oversampled Bandlimited Sig-
nals

As illustrated in (4.3), the orthonormal matrix obtained by minimizing o(Q) is also
expected to accurately represent the sampled sinusoids within the band of interest in the

MSE sense. This is formally established in the following results.
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Theorem 4.2. (Average representation error) Fiz W € (0,3) and N € N. Let V €

CWN=2ANWI=DXRE contain the R dominant left singular vectors of F},WBN,W- Then for any
e € (0, %), the orthobasis Q = [FMW FN,WV} satisfies
w er — ‘o 2
/ e —QQ f||2df§e

wo leslls

R = max{[C’Nlog <1?\ZN>—‘ + 1,0}.

Here Cy is the constant specified in Theorem 3.1.

with

A similar approximation guarantee holds for sampled vectors arising from sampling ran-
dom bandlimited signals by using (2.21).

In [148] (see also Theorem 5.6 in Chapter 5), we rigorously show that every discrete-
time sinusoid with a frequency f € [—W, W] is well-approximated by the DPSS basis Sk
with K slightly larger than 2NW. The proof is based on an asymptotic result on the
DTFET of the DPSS basis functions (which are known as discrete prolate spheroidal wave
functions (DPSWE’s)) and the result is thus asymptotic. Here we use a different approach
to obtain a non-asymptotic guarantee for approximating every discrete-time sinusoid with a
frequency f € [-W,W]. Noting that |le; — QQ*e ng is differentiable everywhere, we first
show that its derivative is bounded above by 27 N?2. Then by utilizing the previous result on

ff‘;v les — QQ*efH; df, one obtains a similar bound on |e; — QQ*eng.

Theorem 4.3. (Representation guarantee for pure sinusoids) Let N € N and W € (0, %) be
given. Also let Ve CWN2INWI=DXE be the R dominant left singular vectors of F;V,WBN,W.
Then for any € € (0, %), the orthobasis Q = [FN,W FN’WV] satisfies

— * 2
Hef QQ ef||2 <e

lesl3

for all f € [-W, W] with

607TCN 150]\[
Rzmax([CNlog< = )—‘ +1, [CNlog <NW€>-‘ +1>.
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Here Cy s the constant specified in Theorem 3.1.

Remark 4.1. In [148] (see also Theorem 5.6 in Chapter 5), we show a similar but asymptotic

result for the Slepian basis as follows. Fix W € (0,3) and § € (0,57 — 1). Let K =

2NW (14 6). Then there exist constants 51, Cy and Ny € N (which may depend on W and
9) such that
.2 ~
||€f B SKS;Kef”Z S 61N3/2€_02N
lell3

for all N > Ny and f € [-W, W]. Compared with this result, Theorem 4.3 is non-asymptotic

and provides a detail on the constants involved. However, we note that similar guarantees
in Theorem 4.3 also holds for the DPSS basis by utilizing similar proof techniques for Theo-

rem 4.3.

Theorem 4.4. (Nonasymptotic representation guarantee for pure sinusoids with DPSS) Let
N € N and W € (0,3) be given. Also let Sk be an N x K matriz consists of the first K
DPSS vector. Then for any € € (0,1), the orthobasis Sy satisfies

2
les — Sk Skesll,

lesl3

for all f € [-W, W] with

6071'0]\[ 150]\7
KzZNW—l—max([C’Nlog( = >-‘ +1, [C’Nlog (NWE)—‘ —i—l).

Finally, we remark that for Q = [FN,W FN,WV} with V' € CIW2INWI=DxE hoth Q
and Q* can be applied to a vector with computational complexity O(N log N + NR). As an
example, for any a € CV, a = [FNW FN,W]* a can be efficiently computed by the FFT
with complexity O(N log N). Then V*a, can be computed via conventional matrix-vector
multiplication with complexity O(N R), where a, is the sub-vector obtained by taking the
last N — 2| NW| — 1 entries of a;. Thus the total computational complexity for Q*a is
O(NlogN + NR).
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4.3 ROAST Construction with a Randomized Algorithm

We note that the DPSS vectors are not involved in constructing V' and Q. Directly
computing V' with Businger-Golub algorithm [14] requires O(N(N — 2| NW | — 1)R) flops.
Noting that Fjv,wB ~.w is effectively low rank, we can apply a fast randomized algorithm [60]
to compute an approximate basis for the range of F*N’WB ~w- Let  be an N x P standard
Gaussian matrix. We construct a matrix V'’ whose columns form an orthonormal basis for
the range of F;‘V’WB ~w§2. By applying the FFT, the complexity of computing F*N’WB N2
is O(PNlog N). Computing an orthonormal basis for the range of F}(VWB ~w 2 requires
O(NP?) flops. The following results establish the dimensionality of V' needed and the

representation guarantee with the corresponding basis.

Theorem 4.5. (Guarantee for randomized algorithm) Fix N € N and W € (0,3). Let

Q be an N x P standard Gaussian matriz. Also let V' be an orthonormal basis for the

column space of the sample matrix F}FV,WBN,WQ' For any € € (0, %), fixr K to be such that

)\%;}/I) > €. Then the orthobasis Q = [FN,W FNWV] has the following expression ability

m expectation.
e Setting

1
P = [QC’N log (u)—‘ + 3,

we are gquaranteed that

E[||SxSy — QQ*SkSi|’] <e,
€

¢ « (0 |7
e (s - @@t [] <
foralll =0,1,..., K — 1. By slightly increasing P to

15¢) N
P= {QCN log (Mﬂ + 3,

we have
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E [cos (Og,.q)] > V1 — Ne.

e The sampled sinusoids within the band of interest in the least-squares sense can be

captured well by Q in expectation:

with

4
P= kCN log (

* 2
/W les — QQesl; df] -

wo leslls

15\/2CN) 7"
—— ) +3|

e The orthonormal basis Q can also capture most of the energy in each pure sinusoid:

for all f € [-W, W] with

P = max (ECN log (

Here E denotes expectation with respect to the random matriz €2.

E

lesll3

* 2
les - QQ efug] <

60mNV2CN Y | 7] 4o, (157V20n\ | T
e 300 (37N T e 3| )

Remark 4.2. Using concentration of measure effects [60], we can argue that the results hold

for a particular sampling matrix €2 with high probability.

4.4 Benefits of an Orthonormal Basis

For any € € (0,1), fix K to be such that )\%7{1}1) > ¢. In the last chapter, we demonstrated

a fast factorization of Sk S5 by constructing two N x K’ matrices T} and Tp with K’ <

[2NWT + (5 log(8N) + 18) log (£2) such that

O(N log N log %) operations.

ISk Sk — VT3 || < 2.

Both Ty and T1 Ty (as an approximation for Sk Sjx) can be efficiently computed with
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However, neither T} nor T3 is orthonormal and in general ||Tyx| # |TiTyx| and
| T5x| # | ToTsx||. Moreover, neither T} nor T is well conditioned (i.e., both have a
large condition number). In some applications, an approximate but orthonormal transform
Q may be preferred, in order to ensure that | Poz| = ||Q*x|| or that Q is well conditioned.
We list two such stylized applications below.
Signal recovery

Suppose € CV is a sampled bandlimited signal with digital frequencies within the band

[—W, W] and we observe it through
y = Pz,

where ® € CM*Y (2NW < M < N) is the sensing matrix. Knowing that & approximately

lives in the subspace spanned by Sk, we recover & by solving
minimize ||y — ®Sk a3,
«

which is also a key part in compressive sensing of a discrete signal one obtains when collecting
a finite set of uniform samples from a multiband analog signal [32]. The above least-squares

problem is equivalent to the following system of linear equations

S BSia = S Dy (4.4)

which can be solved by numerical algorithms such as conjugate gradient descent (CGD) [107].
The computational complexity of the CGD method depends on two factors: the convergence
speed which depends on the condition number of the system A := S5 ®*P Sk and determines
the number of iterations required, and the computational burden in each iteration mainly
involving the application of A to a length-M vector. Utilizing a structured sensing matrix
® that has a fast implementation (such as the fast Johnson-Lindenstrauss transform [3]), we
can efficiently implement A if we replace Sk by the fast transform 77 or T or the ROAST
Q of the form (4.1). Unfortunately, both T} and T3 have large condition number, resulting

in slow convergence of the CGD method since the corresponding system A in general also
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has large condition number. Thus, in this case, the orthonormal basis Q is preferable.
Line spectral estimation

Consider a measurement vector y consisting of a superposition of r sampled exponentials:

T
_§ : *
Yy = aiefi*.
i=1

We may attempt to recover the frequencies {f7,..., f} by solving the following nonlinear

least squares problem

2

{ﬁ,@i} ;= arg min (4.5)

fira

T
Y- Z Qi€f,
=1

Suppose we are given a priori knowledge that the frequencies f* € [-W,W] for all i €

{1,...,r}. Then we can reduce the computational cost of solving by (4.5) by projecting the

measurements y onto the range space of @ [66]:

2 2

{fi,a;} = arg gcn}ln = arg Scnin (4.6)

i, O

Py (y—zaieﬁ) o (.«J—zaieﬁ)
i=1 =1

It is shown in [66] that the projected problem (4.6) has the same stationary points as the

full problem (4.5) under certain conditions on the range space of @. When applying an
optimization method like Gauss-Newton, the advantage of the projected problem (4.6) over
the full problem (4.5) is that each optimization step is much cheaper since the projected
Jacobian has much smaller size.

Based on this observation, for the general case where the frequencies lie in multiple bands,
[66] provides an iterative algorithm that in each iteration, first finds one underlying band
and projects the signal onto this band, then applies Gauss-Newton to solve the projected
problem. We also note that our @ can be further reduce the computational cost in [66] since
Q can be efficiently applied to a vector, while the orthonormal basis utilized in [66] is a
numerical approximation (obtained by performing PCA on a set of sinusoids) to the Slepian

basis Sk.
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4.5 Simulations

In this section, we present some experiments to illustrate the effectiveness of our pro-
posed ROAST and ROAST-R (which is short for Rapid Orthogonal Approximate Slepian
Transform with a Randomized algorithm for computing V—see Section 4.3). Through this
section, we use R (which is typically equal to O(log(N))) to denote the the dimensionality
of V' for ROAST. For ROAST-R, we set P, the dimensionality of V', as P = R here.

For comparison, we also compute the projection onto the column space of Fy y;,, 2 which
is the N x (2[NW] + 1+ R) DFT matrix with frequencies in [-W — & W + JX]. Such
a projection is simply denoted by Sub-DFT. Note that the dimension of the column space
of Fy ., B is 2|[NW] 4+ 1+ R and is equal to the dimension of the column space of Q.
In addition, the projection onto the column space of the leading DPSS vectors Sk is also
computed and denoted by simply by DPSS in the legends of the figures. We also choose
K =2|NW ] 41+ R so that all these subspaces have the same dimensionality.

We quantify the ability of the different projections to capture a given signal £ € CV in
terms of

]2

SNR = 20log,, (—> dB,

& — x|
where Z is the resulting projection of & by the above mentioned methods.

Figure 4.1(a) shows the SNR captured by different projections for various pure sinusoids
es. We observe that the DPSS basis, ROAST, ROAST-R and provide almost equal approx-
imation performance for the pure sinusoids with frequencies in the band of interest. Also as
guaranteed by Theorems 4.3, 4.4, and 4.5, any sinusoid in the band of interest can be well
represented by the DPSS basis, ROAST and ROAST-R.

Also, we generate a sampled bandlimited signal @ by adding 5000 complex exponen-
tials with frequencies selected uniformly at random within the frequency band [—W, W].
Figure 4.1(b) shows the ability of the different projections to capture sampled bandlimited
signals in terms of SNR. It can also be observed that the DPSS basis, ROAST and ROAST-R
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Figure 4.1: SNR captured by different projections (a) for pure sinusoids e with R = 4log(NV)
and (b) for a sampled bandlimited signal @ with R ranging from 0 to 30 ~ 5log(N). Here
N =1024, W = 1.

provide almost equal approximation performance for sampled bandlimited signals.
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Figure 4.2: Comparison of different projections for a sampled bandlimited signal x: (a) SNR
as a function of N; (b) computation time as a function of N in a a logarithmic scale for both
X-axis and Y-axis. In all plots, W = 1 and R = |4log(N)].

In addition, Figure 4.2 plots SNR as a function of dimension N and the relationship
between the run time and N for the four projection methods. In this experiment, we fix

R = [4log(N)]. As observed, the running time of DPSS has a quadratic increase, while
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ROAST and ROAST-RS® are nearly as fast as the DFT, but with much better approximation

performance.

10°
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§ o —DPSS

g 10 ROAST-R
H
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210
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32 64 128 256 512 1024 2048 4096
N

Figure 4.3: Precomputation time for DPSS and ROAST-R as a function of N in a logarithmic
scale for both X-axis and Y-axis. In all plots, W = 1 and R = [4log(N)].

Finally, we compare the precomputation time needed for DPSS basis and ROAST-R in
Figure 4.3. For the DPSS basis, the first K DPSS vectors are precomputed with the Matlab
command “dpss” (which actually computes the eigenvectors of a tridiagonal matrix with
computational complexity of O(N?)). For ROAST-R, the construction involves computing
F;,}WB N with Q € RV*® (which requires O(RN log N) operations) and computing an
orthonormal basis for the range of F;V’WB N (which requires O(N R?) operations). As
can be seen in Figure 4.3, the precomputation time required by the DPSS grows roughly
quadratically with NN, while the precomputation time required by ROAST-R grows just

faster than linearly in N.

8ROAST and ROAST-R are expected to have the same running time since these two transforms have the
same dimensionality and form.
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CHAPTER 5
APPROXIMATING SAMPLED SINUSOIDS AND MULTIBAND SIGNALS USING
MULTIBAND MODULATED DPSS DICTIONARIES

In the last two chapters, we considered the parameterized subspace model where the sig-
nals of interested are obtained when collecting a finite set of uniform samples from baseband
analog signals. In this chapter?, we study possible dictionaries for representing the discrete
vector one obtains when collecting a finite set of uniform samples from a multiband analog

signal. To that end, we repeat (2.6) that

W = [fo—Wo, fo+ Wol U[fi = Wi, fi + WU -~ U[fso1 = Wy, froa + Wi] C {—%, %}

is a union of J intervals. For each i € [J], define ¥, = [Ef,Syw,]x, for some value k; €
{1,2,..., N} that we can choose as desired. We construct the multiband modulated DPSS

dictionary ¥ by concatenating these subdictionaries:
¥ = [\IJO \Ill s ql],ﬂ. (51)

We investigate the spectrum of the time- and multiband- limiting operator ZyBwZy (see
Section 2.5 for the formal definition), as well as the efficiency of using ¥ to represent discrete-
time sinusoids and sampled multiband signals. We also provide a stylized application in

through-the-wall radar imaging at the end of this chapter.
5.1 Eigenvalues for Time- and Multiband-Limiting Operator

We begin by studying the eigenvalue concentration behavior of the operator ZyBwZx
(and hence By w), which reveals the effective dimensionality of the finite union of curves

My = {es} rew, where ey is a length-N sinusoid defined in (2.1).

9This work is in collaboration with Michael B. Wakin [145, 148, 146, 147].
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We first establish the following rough bound, which states that all the eigenvalues of

InBwIy are between 0 and 1. Its proof is given in Appendix C.1.

Lemma 5.1. For any W C [—%, %] and N, the operator IyBwZy is positive-definite with

ergenvalues
(0) (1) (N-1)
1>/\NW ANw 2 2 Avw >0

and

N-1

0)
A = N|W.
1=0
o @ (N-1)

We denote the corresponding eigenvectors of IyBwLy by wy w, Unyy - - Uy -

There is, in fact, a sharp transition in the distribution of the eigenvalues of ZyBwZy. We

establish this fact in the following theorem, which is proven in Appendix C.2.

Theorem 5.1. Suppose W is a finite union of J pairwise disjoint intervals as defined in
(2.6). For anye € (0, %), the number of eigenvalues of IyBwZIy that are between € and 1 —¢e

satisfies

e <Ny <1-e)<J™

7 log(IV - 1>+)% N (5.2)

e(1

This result states that the number of eigenvalues in [¢, 1 —¢] is in the order of log(N) for any
fixed € € (0, %) Along with the following result which states that the number of eigenvalues
of ZyBwZIy greater than £ equals ~ N|W|, we conclude that the effective dimensionality of

My is approximately N|W| =" 2NW,. Its proof is given in Appendix C.3.

Theorem 5.2. Let W C [—%, %] be a finite union of J disjoint intervals having the form in
(2.6). Denote by
N N -1 n 1 1

L_:#{nGZ:—LEj§n§L 5 |, (N 2NN+ﬁ)CW}
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and

N -1 n 1 n 1
y by e w Ty WA

L+:#{n€Z:—LgJ§n§L

In particular, it holds that |[N|W|| —2J +2 < < 1y < [N|W|| 4+ 2J — 2. Then the

eigenvalues of the operator InBwIy satisfy

Z )\(L+) )

t——1
I\ ) > s

N,W

| —

Note that results similar to the above two theorems for time-frequency localization in the
continuous domain have been established in [63, 70, 80|. Similar to the ideas used in [63],
the key to proving Theorem 5.1 is to obtain an upper bound on the distance between the
trace of ZyBwZy and the sum of the squared eigenvalues of ZyBwZy. Constructing an
appropriate subspace with a carefully selected bandlimited sequence for the Weyl-Courant
minimax characterization of eigenvalues is the key to proving Theorem 5.2. The proof
techniques of |70, 80] form the basis of our analysis in Appendix C.3, but some modifications
are required to extend their results to the discrete domain.

Similar to what happens in the single band case (when J = 1; see Lemma 2.1), the
eigenvalues of ZyBwZy have a distinctive behavior: the first N|W| =" 2NW; eigenvalues
tend to cluster very close to 1, while the remaining eigenvalues tend to cluster very close to
0, after a narrow transition. This is captured formally in the following result'®, whose proof

is given in Appendix C.4.

Theorem 5.3. Let W C [—%, %] be a fized finite union of J disjoint intervals having the

form in (2.6).

10Most of the results in this chapter build upon the asymptotic expressions for the DPSWF’s [118] and hence
are also asymptotic. It is possible to obtain nonasymptotic version of these results by utilizing the results
in Chapters 3 and 4, especially Corollary 3.1 and Theorem 4.4.
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1. Fize € (0,1). Then there exist constants C1(W, ), Co(W,€) (which may depend on W

and €) and an integer No(W, €) (which may also depend on W and €) such that
Ay > 1= CLW, ) N2~ ON 1y [ < J— 14 Y [2NWi(1 — ¢)]

for all N > No(W,e).

2. Fiz e € (0, IW%I —1). Then there exist constants C3(W,€), C4(W, €) (which may depend

on W and ¢) and an integer N1(W, €) (which may also depend on W and ¢) such that
A < C3(W,e)e N 1y | > S [aNW(1+ )]

for all N > N{(W,e).

We point out that No(W, €) > max {No(Wi, €), Vi € [J]}, C2(W,€) = min{CQ(W’;)’ v ield}
O3(W,e) = Jmax {Cs(Wy,€), Vi€ [J]} and Cy(W,€) = min {Cy(Wi, ), Vi € [J]}, which
will prove useful in our analysis below. Here Co(Wi,€), Cs(Wi€), and Cy(W;,€) are as

specified in Lemma 2.1.
5.2 Multiband Modulated DPSS Dictionaries for Sampled Multiband Signals

Let p € {1,2,..., N}. Define

0 1 ~1
P .= [ugv?w uSV?W u%,w)], (5.3)

where u%?w, V [ € [N] are the eigenvectors of ZyBwZx. Let ¥ be the multiband modulated
DPSS dictionary defined in (5.1).

There are three main reasons why the dictionary ¥ may be useful representing sampled
multiband signals. First, direct computation of ® is difficult due to the clustering of the
eigenvalues of By w. However, in the single band case, the matrix By y is known to com-

mute with a symmetric tridiagonal matrix that has well-separated eigenvalues, and hence

its eigenvectors can be efficiently and stably computed [118]. Griinbaum [58] gave a certain
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condition for a Toeplitz matrix to commute with a tridiagonal matrix with a simple spec-
trum. We can check that the matrix By w in general does not satisfy this condition, except
for the case when W consists of only a single interval. However, we emphasize that ¥ is
constructed simply by modulating DPSS’s, which, again, can be computed efficiently.

Second, the multiband modulated DPSS dictionary ¥ provides an efficient representation
for sampled multiband signals. Davenport and Wakin [32] provided theoretical guarantees
into the use of this dictionary for sparsely representing sampled multiband signals and recov-
ering sampled multiband signals from compressive measurements. We extend one of these
guarantees in Section 5.2.3. Moreover, we confirm that a multiband modulated DPSS dictio-
nary provides a high degree of approximation for all discrete-time sinusoids with frequencies
in W in Section 5.2.2.

Third, as indicated by the results in Section 5.1, &~ N|W]| dictionary atoms are necessary
in order to achieve a high degree of approximation for the discrete-time sinusoids in a MSE
sense. Our results, along with [32], show that the multiband modulated DPSS dictionary
¥ with ~ N|W| atoms can indeed approximate discrete-time sinusoids with high accuracy.
In order to help explain this result, we first show that there is a near nesting relationship
between the subspaces spanned by the columns of ¥ and by the columns of the optimal

dictionary ®.
5.2.1 The Subspace Angle

Our first guarantee considers the case where in constructing W, each k; is chosen slightly
smaller than 2NW;, and in constructing ®, we take p to be slightly larger than . 2NW;.
In this case, we can guarantee that the subspace angle between Sg and Sg is small. The

proof of the following result in given in Appendix C.5.

Theorem 5.4. Let W C [—%, %] be a fized finite union of J disjoint intervals having the
form in (2.6). Fiz e € (0, min {1, ﬁ —1}). Letp=>,[2NW;(1+¢€)]| and ® be the N x p

matriz defined in (5.3). Also let k; < [2NW;(1 —€)|,Vi € [J] and ¥ be the matrixz defined
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in (5.1). Then for any column 1 in W,

20, (W, e)e~C2(TaN

|19 — Paapl|; < 2
(1= CL(W, )e=Ct™IN — Ty(W, )T

= ’il(Nawa 6)

and

CQ(W,E)
1 — k1 (N,W,e) — Ny/k1 (N, W, ¢) — 3N\/01W6) 7 N
COS(@S\p&p) > c
_Ca(W,e) pr
1+ 3Ny/CL (W, e)em 2

if N > max{No(W,e), Ni(W,e)}. Here C1(W,€) = max {C1(Wi,€), Vie [J]}, Co(W,e) =

(5.4)

min {Cy(W;, €), Vi € [J]}, No(W,¢), N1 (W, ¢), C3(W,¢), and C4(W,¢) are the constants

specified in Theorem 5.3, and Cy1(W;, €) and Co(W;, €) are the constants specified in Lemma 2.1.

We can also guarantee that the subspace angle between Sg and Sg is small if, in con-
structing W, each k; is chosen slightly larger than 2NW;, and in constructing ®, we take
p to be slightly smaller than ) . 2NW;. This result is established in Corollary 5.1 (whose
proof is given in Appendix C.7), which follows from Theorem 5.5 (whose proof is given in

Appendix C.6).

Theorem 5.5. Let W C [—%, %] be a finite union of J disjoint intervals having the form in
(2.6). Given some values k; € {1,2,...,N},Vi € [J], let ¥ be the matriz defined in (5.1).
Then

VA VA l;
| Pyl llz > Ay — A,
foralll € {0,1,...,N —1}.

Corollary 5.1. Let W C [— be a fized finite union of J disjoint intervals having the

2’2]

form in (2.6). Fiz e € (0, min{1, i —1}). Letp < J =1+, [2NW;(1 —€)]| and ® be the

W\

N x p matriz defined in (5.3). Also let k; = [2NW;(1 + €)],Vi € [J] and ¥ be the matriz
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defined in (5.1). Then for any column u%?w in ®,
||P‘I'US\?W||2 >1—Cy (W, e)N2e*62(W’€)N — NCy(W, 6)6764(W,6)N

and

c0s(Osy55) = \/1 — 2ko(N, W, €) + rk3(N, W, ¢) — N\/QKQ(N, W,e) — k2(N,W,e) (5.5)

for all N > max{Ny(W,e), N (W, e)}, where N;(W,¢) and C;(W,€) are constants speci-
fied in Theorem 5.3, and ky(N, W, €) is defined as ry(N, W, €) := C1(W,e)N2e C2(W:N 4
NC3(W, e)e=CaWON,

Although our results hold for scenarios where one dictionary contains ), [2NW;(1 —€) ]
atoms while another one has ) . [2NW;(1 + €)]| atoms, we note that these dimensions can

be made very close by choosing e sufficiently small.!!
5.2.2 Approximation Quality for Discrete-time Sinusoids

The above results show that ¥ spans nearly the same space as ® in the case where both
dictionaries contain ~ N|W| columns. In this section, we investigate the approximation
quality of W for discrete-time sinusoids with frequencies in the bands of interest. Then,
in the next section, we investigate the approximation quality of ¥ for sampled multiband
signals.

We first prove that a single band dictionary with slightly more than 2NW baseband
DPSS vectors can capture almost all of the energy in any sinusoid with a frequency in
[—W,W]. Our analysis is based upon an expression for the DTFT of the DPSS vectors

proposed in [118]. We review this result in Appendix C.8.

HThough a small € may require N large enough such that our results hold, % (the ratio between

the sizes of the two dictionaries) may become close to 1.
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Theorem 5.6. Fiz W € (0,3) and e € (0,57 —1). Let W' = 3 =W, € = %ﬂwe and

k=2NW(1+¢€). Then there exists a constant Co(W' €') (which may depend on W' and €')
such that
||ef - 'P[SN,W]keng < Gy(W', 6,)N5/26_02(W/’E/)N’ VIfl<W

for all N > No(W',€'), where No(W',€') and Co(W’,€') are constants defined in Lemma 2.1.

The proof is given in Appendix C.9. Similar to Theorem 4.4, Theorem 5.6 rigorously
shows that asymptotically every discrete-time sinusoid with a frequency f € [-W,W] is
well-approximated by a DPSS basis [Sy w]|, with k slightly larger than 2NW. This result
extends the approximation guarantee in a MSE sense presented in [32]. We now extend this
result for the multiband modulated DPSS dictionary. The proof of the following result is

given in Appendix C.10

Corollary 5.2. Let W C [—%, %] be a fized finite union of J disjoint intervals having the
form in (2.6). Fix e € (O,W —1). Let ky = 2NW;(1 +¢€),Yi € [J] and ¥ be the matriz
defined in (5.1). Then there exist constants C1o(W,€) and C11(W,€) (which may depend on

W and €) and an integer No(W,€) (which may also depend on W and €) such that
lles — Pyey||3 < Cio(W, e) N> ?e” 1 IN "y f e W (5.6)
for all N > No(W¢).

5.2.3 Approximation Quality for Sampled Multiband Signals (Statistical Anal-
ysis)

As indicated in [32], in a probabilistic sense, most finite-length sample vectors arising

from multiband analog signals can be well-approximated by the multiband modulated DPSS

dictionary. In this final section, we generalize the result [32, Theorem 4.4] to sampled

multiband signals where each band has a possibly different width.
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Theorem 5.7. Suppose for each i € [J], x;(t) is a continuous-time, zero-mean, wide sense

stationary random process with power spectrum

_ 1 p_ B o ppy Boang
Po(F)={ ShiBu, 107 2 SESHTTT (5.7)
0, otherwise,
and furthermore suppose xo(t),x1(t),...,x;_1(t) are independent and jointly wide sense sta-

tionary. Let Ty denote a sampling interval chosen to satisfy the minimum Nyquist sam-

pling rate, which means T, < +— = 1/ (2 max{ Fi+ —Bb;ndi

B nyq

Ve [J]}). Let ; =

[2:(0) 2;(Ty) ... z;((N—1)T,)]" € CV denote a finite vector of samples acquired from x;(t)

and let © = Z;’Zl x;. Set f; = F;T, and W; = M Let W be the matrixz defined in (5.1)
for some given k;. Then
| Il
L;
Elllz — Poall] < AV (5.8)
i=0 li=k;

where E[||z|3] = N.

The proof is given in Appendix C.11. The right hand side of (5.8) can be made small
by choosing k; ~ 2NW; for each i € [J]; recall Lemma 2.1. Aside from allowing for different
band widths, the above result improves the upper bound of [32, Theorem 4.4] by a factor of
J.

Finally, the following result establishes a deterministic guarantee for the approximation
of sampled multiband signals using a multiband modulated DPSS dictionary with ~ N|W|

atoms.

Corollary 5.3. Suppose x is a continuous-time signal with Fourier transform X (F') sup-

J-1
ported on F = '90 [F; — Bpand, /2, F; + Byana, /2], i.€.,
2(t) = / X ()t qp
F

Let x = [2(0) z(Ty) ... z((N —1)T,)]* € CV denote a finite vector of samples acquired

from x(t) with a sampling interval of Ty < 1/(2max{|F. + %\}) Let W; = TsBipana, /2,
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fo = T.F, for alli € [J], and W = "0 [f; — Wi, f; + Wi]. Fiz e € (0, —1). Let
0 |

i= W
k; =2NW;(1+4¢€),Vi € [J] and let ¥ be the matriz defined in (5.1). Then
o = Peall < ([ FOP dr) - Cuatwr, o cnron 59
W

for all N > No(W,¢€), where No(W,€), C10(W,€) and C11(W,€) are constants specified in
Corollary 5.2.

The proof is given in Appendix C.12. Corollary 5.3 can be applied in various settings:

e The sequence z[n| encountered in most practical problems has finite energy. For
example, if we assume that [, [Z(f)[*df < 1, we conclude that ||x — Pgx|[} <

010<W, €)N5/2€_011(W’6)N.

e Moreover, in some practical problems, the finite-energy sequence z[n| may be approx-
imately time-limited to the index range n = 0,1,..., N — 1 such that for some 0,

2|2 = ||Zy(z)||3 > (1 — §)||x||3. In this case, (5.9) guarantees that

2 ~ 2
le = Pally _ Jy FOPE (. oo o, cucmon
||][3 ||| [3 (5.10)

S 1 : CIO(W7 €)N5/2€7011(W’6)N7

J

where the last inequality follows from Parseval’s theorem that ||z[|3 = [, [Z(f)|*df.

Along with the result proved in [32] that samples from a time-limited sequence which
is approximately bandlimited to the bands of interest can be well-approximated by the
multiband modulated DPSS dictionary, we conclude that the multiband modulated DPSS
dictionary is useful for most practical problems involving representing sampled multiband
signals.

However, we point out that not all sampled multiband signals can be well-approximated
by the multiband modulated DPSS dictionary. To illustrate this, consider the simple case

where W reduces to a single band [—-W, W]. Recalling that the infinite-length DPSS’s are
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strictly bandlimited, it follows that each of the DPSS vectors can be obtained by sampling
and time-limiting some strictly bandlimited analog signal. Nevertheless, for all | > k, we

will have

Y/ /
1% — PisywhSiwll2

- =1 (5.11)
sy wll2

even when we choose k = 2NW (1 + ¢). In this case, the approximation guarantee in (5.11)
is much worse than what appears in (5.10). Such examples are pathological, however: the
infinite sequence s%?w has energy ||s%)w||§ = ()\%?W)*l, which according to Lemma 2.1 is
exponentially large when | > 2NW (1+¢), and yet the energy of the sampled vector HS%)Wl |2

is only 1. Moreover, the spectrum of the infinite sequence 5%)1/(/ is entirely concentrated in the

band [—W, W] while the spectrum of the time-limited sequence TN<S%?W) is almost entirely
contained outside the band [—W, W], and so on. We refer the reader to [32] for additional

discussion of this topic.
5.3 Stylized Application: Through-the-Wall Radar Imaging

As an particular application, in this section, we investigate the wall and target return
subspaces both (i) for each antenna element separately and (i7) jointly for all antenna ele-
ments in through-the-wall radar imaging. We mainly utilize Theorem 5.6 that all sampled
sinusoids in the targeted band can be represented well by the dictionary . To simply the

notations (especially the constants) involved in Theorem 5.6, we restate it as follows.

Theorem 5.8. Fiz W € (0,3) and f. € R. Define Q := [E; Syw|;. For fized € € (0,1),
choose J = 2NW (1+¢€). Then there exist constants Cy,Cy (where Cy,Coy may depend on W
and €) such that for all N > Ny

| Pgeslls < CYNY4e= N f e [f.— W, f.+ W].

In a nutshell, this result states that (i) the effective dimensionality of the subspace

spanned by {ef}reis.—w s.4w) is 2NW, and (i7) the modulated DPSS vectors provide a
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basis for this subspace.
5.3.1 Problem Setup

We consider an M-element synthetic linear aperture that transmits waveforms and re-
ceives the reflected signals. We assume that each transceiver transmits and receives a stepped-
frequency signal consisting of N frequencies equispaced over the band [fy, fy_1] with the
frequency step size AF = %, ie.,, fn = fo +nAF. Further, we assume monostatic
operation in which the transmitter and receiver are collocated as viewed from the target
(i.e., the same antenna is used to transmit and receive) and after the antenna obtains the
measurements in one location, we move it to the next location. To simply the notation, we
suppose the antennas are parallel to the wall. According to [2], we can model the wall return

at the m-th antenna and the n-th frequency as

L
rn] = Zﬁle’j%f"“, V'm € [M], n€[N]. (5.12)
1=0

Here, [N] denotes the set {0,1,..., N — 1} for any natural number N € N; ¢ is the complex
reflectivity of the wall; ¥, [ > 1 represents the complex reflectivity corresponding to the [-th
wall reverberation and decreases with [; L denotes the number of wall reverberations; t; is
the direct two-way travel time between the wall and the antenna; and ¢;, [ > 1 is the delay
associated with the [-th wall return to the antenna.

Suppose there are K targets behind the wall. The target return observed by the m-th

antenna at the n-th frequency can be expressed as

K
] =) il (5.13)
k=1
where 7, . [n] == [ Thm or(T)e 7> nTdr. Here, 01(7) is the complex reflectivity function of

7—k,rrb

the k-th target (we assume the target reflectivity is independent of frequency), and 7"

and 7,77 are the minimum and maximum two-way travel times between the k-th target
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and the m-th antenna, respectively. Note that the return from point targets degenerates to

t

Tm

[n] = S5 ope P2 mm where 7y, is the two-way travel time between the k-th point
target and the m-th antenna [2].

The measurement vy, := 2 + rl received by m-th antenna consists both wall and
target return. Define ¥ = [(v&)7 - (r¥%_ )] and v* = [(r))? - (ri,_)¥]". Here
H represents the conjugate transpose. The measurements {ym}me[M} are arranged into an

MN x 1 vector y = v + r'. From the measurements y, our goal is to detect or localize the

potential targets.
5.3.2 Wall Return Subspace
The dimensionality of the wall return subspace

If we consider only the direct wall return, the wall return defined in (5.12) reduces to

’I";“;[n] = 19067927#’#0 — ﬁoe*ﬂﬂfotoefﬂwnAFtO.

In this simple case, the wall return = lives in a 1-dimensional subspace spanned by the
basis vector e_apy,.

More generally, the wall return in (5.12) can be rewritten as

L
rvn] = Z eI ot gmi2mni AF (5.14)
1=0

From Theorem 5.8, we expect that the wall return 7, at one antenna will approximately
live within a low-dimensional subspace because (5.14) indicates that 7 can be viewed as
a linear combination of sampled exponentials e; with f € [—t,AF, —t)AF]. Accordingly,

define the dictionary of modulated DPSS vectors

D,, = [E_AF(tL+t0)/2SN,AF(tL—to)/Q]Jw

for some value of J* € {1,2,..., N}.
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Corollary 5.4. Fize € (0,1). Choose J* = N(t;,—to)AF(1+4¢€). Then there exist constants

C1, Cy and an integer Ng such that for all N > Ny

L
Pp r%|, <Y 9,0 N4 2N,
Dy, P'mll2 A1
=0

The proof follows directly from Theorem 5.8. The above result indicates that =/ is
approximately within Sp,,, the column space of D,,, when we set J* = N (t, —to) AF(1+¢).
Define the M N x M J" block diagonal matrix D := diag(Dy, ..., Dy_1).

Corollary 5.5. Fize € (0,1). Choose J* = N(t;, —to)AF(1+4€). Then there exist constants

C1, Cy and an integer Ny such that for all N > Ny

L
|Por*lly < MY S 9,CiN?em N,
1=0
In words, the complete wall return r* lives approximately within Sp, the subspace

spanned by the columns of D. The dimension of Sp is M J".

Before moving on, we note that the electrical properties of the wall material, which
directly determine {¢;}~ ,, may not be known in advance. The dictionary D,, cannot capture
the wall return completely if ¢;, is chosen too small. On the other hand, choosing ¢, too large
may result in a dictionary D,, that also captures some energy from target returns behind the
wall. Since simulations have indicated that almost all walls have dominant reverberations
up to 1.5m behind the wall [2], we use the same strategy as [2| in that we mitigate the wall
reverberations up to 1.5m behind the wall. Note that we can still detect some targets located
less than 1.5m behind the wall as long as there exist some antennas that have distance larger
than 1.5m from these targets.

Because we assume the antennas are parallel to the wall, the wall return 7;, is identical
for different m. Therefore, the wall return r* actually lives within a subspace which has
much smaller dimension than Sp. Define D := ——[DH DH ... DI 4

i
VM
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Corollary 5.6. Fize € (0,1). Choose J* = N(t;,—to)AF(1+4€). Then there exist constants

C1, Cy and an integer Ng such that for all N > Ny

L
|P5r*lla < MY 9,CiN* eV,
=0

We omit the proof due to limited space. The dimension of Sp (the column space of IA))
is J", which is smaller than the dimension of Sp by a factor of M. The advantage of this
smaller dimension is that the projection operator Pp has less effect on the target return r*
than Pp. We give an example to illustrate this. We simulate one line target of length 0.5m
located at (z,y) = (—0.29m, 5.38m), with complex reflectivity of 5. An M = 15-element
synthetic linear aperture (located along the x-axis) with interlement spacing of %m is used.
A stepped-frequency signal consisting of N = 101 frequencies from 1GHz to 3GHz is utilized
to obtain measurements. A front wall is located at y = 3.13m, i.e., 3.13m away from the
antennas.

We generate target return according to (5.13). On the basis of (5.12), L = 5 wall
reverberations are generated equally spaced between the wall and 1.5m behind the wall

with 99 = 30 and v¥; = %H’l% for all [ = 1,..., L. We have N(t; — tg)AF = 20.2 ~ 20.

Figure 5.1(a-b) respectively show the ability of D (and IA)) to capture the energy in the
|

wall return " through the quantification SNR; = 20 log;( i P|er2 )dB and avoid the target

D"'sz
Il2

]

W) with various Jw near 20.
2

return 7' through the quantification SNRy = 201log;,(
As can be observed, though D and D capture the same energy in the wall return, D captures
less energy in the target return.

Also, as anticipated, both D and D may capture non-negligible energy from the target
return if we choose J* too large, whereas choosing J% too small results in a dictionary that
cannot capture the wall return completely. There is a tradeoff between cancelling the wall
return and preserving the target return. By changing J%, we can balance this tradeoff. In

general J% ~ N(t; — to)AF' is recommended for most applications.

Wall clutter mitigation
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Figure 5.1: (a) SNR; captured for wall return as a function of J*; (b) SNRy captured for
target return as a function of J%.

Based on the discussion above, one could mitigate wall clutter antenna-by-antenna by

computing [145]

'gm = PDmym = PDmrruri + PDmrﬁn'

Since Pp, r" ~ 0, we get y,,, = Pp, r’ . The processed measurements could then be written

as

y = Ppy = Ppr® + Ppr' =~ Ppr'.
Alternatively, one could mitigate the wall clutter jointly by computing
y = Pyy = Pyr” + Pyr' ~ Ppr'.
Since Pp has less effect on the target return r* than Pp, we adopt Pp for mitigating the
wall return.
5.3.3 Target Return Subspace

The dimensionality of target return subspaces

The target return observed by the m-th antenna corresponding to the k-th target can be

max

. T i i .. . .
rewritten as i [n] = [ &7 oy (1)e 2™ ome=i2mTAE 4 This indicates that 7! = can be viewed

Tk,m
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as a linear combination of sampled exponentials ey with f & [—T,E?%XAF ! —T,;?;‘AF |. Thus,
from Theorem 5.8, we expect this vector to approximately live within a low-dimensional

subspace spanned by certain modulated DPSS vectors. Define

\Ilk:,m = [E_AF(Tm1n+Tlnax /2SN AF( max mln)/Q]Jlg

km Tkm Tkm

for some value of Ji,, € {1,2,...,N}.

Theorem 5.9. [148] Fiz ¢ € (0,1). Choose J;,,, = N(77%" — 7" )AF(1 +€). Then there

exist constants Cy, Cy and an integer Ny such that for all N > Ny

||P‘I’kmrk§m||2 \//mm dTC N5/4 —CQN

The above result indicates that r,’;m is approximately contained within the column space

of Wy ,,. Define

‘I’k = diag(\Iloyk, ceey ‘I!Mfl,k)- (515)

Let 7, = [(T}, (7%.2-1)"]" denote the joint target return (across all antennas)

corresponding to the k-th target.

Corollary 5.7. Fiz e € (0,1). Choose J},,, = N (1% — 7{"")AF(1 +¢€). Then there exist

constants C, Cy and an integer Ny such that for all N > Ny

M-—1 max
| Py, Tl < Z \// 7)dTCy N4~
0 smin

This result follows directly from Theorem 5.9. In words, the target return 7, lives ap-
proximately within Sy, , the subspace spanned by the columns of ¥;. The dimension of Sg,
is J{ = Y20 Jhm

Now, similar to the case of the wall return, if we utilize the fact that {'r,tgm}m correspond

to the same target, we expect that the joint target return 7% can be captured using a subspace
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with dimension much smaller than Sg,. Divide the k-th target uniformly into P points and

construct Gy, € CV*F with entries given by

Glemln, p] = €72 (5.16)

for n € [N] and p € [P]. Here 7,,, denotes the two-way travel time between the p-th point
position and the m-th transceiver. One can approximate r};’m as a linear combination of the
columns of Gy,,. In fact, an approximate method to generate the modulated DPSS basis
W, (whose columns are also the eigenvectors of the covariance matrix of a randomly chosen
sinusoid in the frequency band of interest, see [32]) is by computing the left singular vectors
of G .

Choosing P sufficiently large, the matrix Gy, ,, is approximately low rank with effective

rank ~ N (72 — ) AF. Arrange {Gim fme(n) as

G, =[Gy, G, - G (5.17)

Now, one can approximate 7, as a linear combination of the columns of Gy,,. The effec-

tive rank of Gy, is upper bounded by ~ "M N (T — ) AF and lower bounded by

m=0

max min

max,, N (T — Tim ) AF. We use an example to illustrate the low rank structure in both
G}, and Gj. With the same setup to that in Section 5.3.2, we set P = 50. Figure 5.2(a-b)
display the singular values of Gy and G, respectively. We observe that the effective rank
of G is only slightly larger than Gigo. Here N(r{%* — 7{%")AF = 2.04 ~ 2. Although
not shown in the plot, we also note that the effective ranks of Gy, and Gy both scale
proportionally with the size of the target.

Let Gy = Uk,mEhka{{m be an SVD of Gy ,,, where ¥, is a diagonal matrix with

(p)

singular values ka (which are arranged in non-increasing order, i.e., 7(0) > 7(1) > )

m k,m km =

along its diagonal. For given 0 < § < 1, define 7,;7,” as the number of singular values that
are greater than ") i.ec., 7Zm = #{p, 7,321 > 57,5302,1} Define 72 = ﬁcm Similarly,

k,m>
let G, = U, kaV}f be an SVD of Gy, where ¥, is a diagonal matrix with singular values ’y,(f )
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(which are arranged in non-increasing order) along its diagonal. Let :];’é denote the number

of singular values that are greater than ﬁfy,(co). Define

W, = diag([Uk,g]j};O [Uk,M—l]j’;’Milx U, = [Uk]j]p

where [Uk’m]ji- . is obtained by taking the first 7Z7m columns of Uy, ,,,. Similar notation holds
for [Uy] Jt-

We add one more line target of length 0.5m located at (1.55m,6.38m), with relative
complex reflectivity of 3. Figure 5.2(c) shows Ji, jt1 and j\f for various . Here set J; ,, =
‘_]Z,m and thus J = Tl. We observe that the effective dimensionality of the first target return
subspace is much smaller when we consider the antennas jointly. Figure 5.2(d-e) respectively
show the ability of ¥, (and ¥, \fll) to capture the energy in the first target return 7

through the quantification SNR; = 20 logw(&)dB and to avoid the second target

[P 7]
75 2

t =t
b—Py, 7],

return 7, through the quantification SNRy = 201og;,( ) with various 5. As can

&

be seen, ¥, ¥, and \fll have almost the same ability to represent the first target return 7:.
However, compared to ¥; and ¥y, \ill captures less energy in the second target return 75.
This advantage owes to the fact that \Tfl has a much smaller number of columns.

Target detection

Following the general approach for radar imaging [2], the target space is divided uniformly
into a grid of L, x L, pixels. We arrange the pixels of the image into an L,L, x 1 vector
a. Define ©,, € CN*L=lv with entries given by ©,,[n, q] := e 7*™/nTam for n € [N] and
q € [LyL, — 1]. Here 7,,, denotes the two-way travel time between the ¢-th grid and the
m-th transceiver. The target return can be written as !, = ©,,« if the targets are points
and located precisely on the grid. Define © := [@F ... ©# 7.

In order to detect and localize the non-point targets, we [146, 145] modify the iterative,
greedy matching pursuit (MP) algorithm [93] so that the energy of exponentials with two-way
traveling time close to that of each selected point is cancelled by using a modulated DPSS

basis. To account for and cancel off-grid target return, for each g € [L,L, — 1], we generate
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Figure 5.2: (a) The singular values of G1; (b) the singular values of Gy; (c) the effective
dimensionality against §; (d) SNR; captured for the first target return against /3; () SNRy
captured for the second target return against 3.

Wq and \/I\’q by uniformly dividing a region centered at grid point ¢ with size R,m x R,m
into F, x F, points, constructing Gy, as defined in (5.16) with P = F,F,, constructing
G, as defined in (5.17), and finally computing the left singular vectors of G, and G,.
Throughout the simulations, we choose R, =1, R, = 0.3, F, = 12 and F,, = 6. ¥, is also
generated for this region according (5.15). The full subspace-based MP algorithm for target
detection is shown in Algorithm 1. As shown in the merge step, in each iteration when we
pick one pixel in the grid, we also choose its neighbors (from two pixels to the left to two
pixels to the right). We note that this step (adding its neighbors) is used only to improve
the imaging result, but has no effect in detection. The size of the neighbors can be adapted

to the particular application.
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Algorithm 1 Subspace-based Matching Pursuit.

Require: © with columns 6;, ¥, number of iterations I
Ensure: 7’ =9,a=0,i=0,A= o

1: whilei < I do
2:  identify: jo = argmax; [01r'[/]|6;]|2
3 merge: A =AU {jo — 2,70 — 1, Jo, Jo + 1, jo + 2}
4: update: 7' = Py 1" (or P@jgri, Py )
1=1+1
5. end while
6: return a = Ol gy

5.3.4 Simulations

With the same setup to that in Section 5.3.2, we simulate eight line targets of length
0.5m as listed in Table 5.1. The 4m X 5.5m region centered at (0m,4.75m) is chosen to be
imaged, and it is divided into a grid of 33 x 77 pixels. The number J* for the bandpass
modulated DPSS dictionary D is chosen to be 30. We choose 5 = 10%.

Table 5.1: The location and reflectivity of the targets

1 2 3 4 5 6 7 8

x(m) | -0.29 | 1.55 | -1.69 | -1.78 | 1.67 | 0.29 1 -1.3

y(m) | 5.38 | 6.38 | 6.58 | 4.93 | 5.03 | 6.6 | 4.97 | 3.63
o 5} 3 2 1 1 1 1 1

N

Figure 5.3(b-d) respectively display the target reconstruction result with 8 iterations of
the subspace-based MP algorithm involving ¥, ¥ and T (which means we use ¥, Ejo and
\iljo respectively in Algorithm 1). We note that the wall clutter can be captured well by D
and due to the limited space, we only show the region containing the targets in Figure 5.3.
Clearly, we observe that the algorithm with U can find the second and the fifth targets which
are very close to each other, while the algorithms with ¥ and ¥ miss the fifth target.

As we have explained, the wall and target return subspaces have much smaller dimen-
sionality when we consider them jointly across all antenna elements than separately for each
antenna. This experiment demonstrates the advantage of using the joint target subspace in

target detection.
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target detection with subspace-based MP algorithm involving (b) ¥; (c) ¥; (d) 0.
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CHAPTER 6
ON THE ASYMPTOTIC EQUIVALENCE OF CIRCULANT AND TOEPLITZ
MATRICES

Motivated by the facts that Toeplitz matrices appear naturally for parameterized sub-
space models (for example, the prolate matrix defined in (2.11) is Toeplitz) and that the
number of large eigenvalues of Toeplitz matrices reveal the required dimensionality of a
potential subspace for representing signals obeying certain parameterized subspace model
(see Section 2.7 and Section 7.1), in this chapter'?, we study a fast way to approximately
compute the spectrum of Toeplitz matrices Hy (see (2.22) for the formal definition of Toe-
pltiz matrices). Rather than invoking the Szegd’s theorem which requires the information of
the generating function h (see Section 2.8), we construct circulant matrices that are asymp-
totically equivalent to the Toepltiz matrices. We then provide conditions under which the
asymptotic equivalence of the matrices implies the individual asymptotic convergence of the
eigenvalues. Our results suggest that instead of directly computing the eigenvalues of a

Toeplitz matrix, one can compute a fast spectrum approximation using the FFT.
6.1 Motivation

Despite the power of Szegd’s theorem (see Section 2.8), in many scenarios (such as cer-
tain coding and filtering applications [54, 104]), one may only have access to Hy and not
its generating function h. In such cases, it is still desirable to have practical and efficiently
computable estimates of individual eigenvalues of Hy. We elaborate on two example appli-

cations below.

i. Estimating the condition number of a positive-definite Toeplitz matrix. The

linear system Hny = b arises naturally in many signal processing and estimation problems

12This work is in collaboration with Michael B. Wakin [149].
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such as linear prediction |91, 73]. The condition number x(Hy) of the Toeplitz matrix Hy is
important when solving such systems. For example, the speed of solving such linear systems
via the widely used conjugate gradient method is determined by the condition number: the
larger xk(Hy), the slower convergence of the algorithm. In case of large x(Hy), precondi-
tioning can be applied to ensure fast convergence. Thus estimating the smallest and largest
eigenvalues of a symmetric positive-definite Toeplitz matrix (such as the covariance matrix

of a stationary random process) is of considerable interest [36, 84].

1i. Spectrum sensing algorithm for cognitive radio. Spectrum sensing is a funda-
mental task in cognitive ratio, which aims to best utilize the available spectrum by identifying
unoccupied bands [97, 61, 142|. Zeng and Ling [142] have proposed spectrum sensing meth-
ods for cognitive radio based on the eigenvalues of a Toeplitz covariance matrix. These
eigenvalue-based algorithms overcome the noise uncertainty problem which exists in alterna-

tive methods based on energy detection.

Aside from the above applications, approximate and efficiently computable eigenvalue
estimates can also be used as the starting point for numerical algorithms that iteratively

compute eigenvalues with high precision.
6.2 Circulant Approximations

In this section, we consider estimates for the eigenvalues of a Toeplitz matrix that are

obtained through a two-step process:

1. Transform the Toeplitz matrix into a circulant matrix using a certain procedure de-

scribed below.
2. Compute the eigenvalues of the circulant matrix.

Both of these steps can be performed efficiently; in particular, the eigenvalues of an N x N
circulant matrix can be computed in O(N log V) time using the fast Fourier transform (FFT).

The individual eigenvalues of the circulant matrix approximate those of the Toeplitz matrix.
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We study the quality of this approximation.

An N x N circulant matrix Cy is a special Toeplitz matrix of the form

[ c[0] c[1] cl2] ... ¢[N—=1]
[N —1] c[0] c[1]
Cy=| c[N—=2] ¢[N-1] ¢[0]

Circulant matrices arise naturally in applications involving the discrete Fourier transform
(DFT) [104]; in particular, any circulant matrix can be unitarily diagonalized using the DFT
matrix. Circulant matrices offer a nontrivial but simple set of objects that can be used for
problems involving Toeplitz matrices. For example, the product Hyx can be computed in
O(N log N) time by embedding H into a (2N —1) x (2N —1) circulant matrix and using the
FFT to perform matrix-vector multiplication. Also Gray [54, 55| showed that Toeplitz and
circulant matrices are asymptotically equivalent in a certain sense; this implies that their
eigenvalues have similar collective behavior. See Section 6.3.1 for formal definitions. Finally,
we note that circulant matrices have been used as preconditioners [122, 22| of Toeplitz
matrices in iterative methods for solving linear systems of the form Hyy = b.

We consider estimates for the eigenvalues of a Toeplitz matrix obtained from a well-
constructed circulant matrix. The eigenvalues of the circulant matrix can be computed
efficiently without constructing the whole matrix; one merely applies the FFT to the first
row of the matrix. We do not provide new circulant approximations to Toeplitz matrices
in this paper; rather we sharpen the analysis on the asymptotic equivalence of Toeplitz
and certain circulant matrices |54, 104, 55| by establishing results in terms of individual
eigenvalues rather than collective behavior. To the best of our knowledge, this is the first
work that provides guarantees for asymptotic equivalence in terms of individual eigenvalues.

We consider the following circulant approximations that have been widely used in infor-

mation theory and applied mathematics.
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Type I: CNZ'N

Bogoya et al. [12] proved that the samples of the symbol h are the main asymptotic terms
of the eigenvalues of the Toeplitz matrix Hy. Given only Hy, one practical strategy for
estimating the eigenvalues is to first approximate h by the (N — 1)th partial Fourier sum
Sn-a1(f) = kN_f( N-1) h|k]e’?™/* . Then construct a circulant matrix whose eigenvalues are
samples of Sy_1(f), i.e., Sn_ 1( ). We let C’N denote the corresponding circulant matrix,

whose top row (¢[0],¢[1],...,¢[N —1]) can be obtained as

_ 1 2mn j2nkn/N _ 2 (et Y/ N
k] = N SN—l(T) e’ Z Z h[k'|e?
n=0 n=0 k'=—(N—1)
N—-1 N—
— h Z j?ﬂ(k+k’ yn/N _ h[0]7 k= 0,
K'=—(N-1) hl|—k] +h[N — k|, k=1,2,...,N—1,

N-1g 1, mod(k + K, N) =0,

6]271’(]6-{-’4},)71/]\] _

n=0 0, otherwise.

Type II: CA’N

Following the same strategy, we first compute the (LT_lJ )th partial Fourier sum

Let Cy denote the N x N circulant matrix whose eigenvalues are samples of § E=Y (f), i.e,
2
SI_N—lJ (%) With simple manipulations, the top row (¢[0],¢[1],...,c[N — 1]) of Ch is given
2
by
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=k, 0<k<[FF],
oK = BN —H, [PE]<E<N,
0, k= N/2,
when N is even, and
_ [ hl=R, 0< k<[P,
W= { b, S 2R

when N is odd.

Strang [122] first employed such circulant matrices as preconditioners to speed up the
convergence of iterative methods for solving Toeplitz linear systems. This approach is quite
simple. The underlying idea is that the sequence h[k] usually decays quickly as k grows large,
and thus we keep the largest part of the Toeplitz matrix and fill in the remaining part to

form a circulant approximation.
Type III: Cy

In the Fourier analysis literature, it is known that Cesaro sum has rather better conver-
gence than the partial Fourier sum |77]. The N*! Cesaro sum is defined as

UN(f) = N

We use C'y to denote the N x N circulant matrix whose eigenvalues are samples of ox(f),

i.e., on(%). The top row (¢[0],¢[1],...,¢[N —1]) of Cy can be obtained as follows

clk] = lN§lg (i)eﬂﬂkl/N 1 N§ 1: iNE :1 }n: h[k e]27rl (k+k")/N
N NN N
=0 =0 n=0 k/=—
1 N-1 n N—-1 1 1
= N (h[k'] N6j27rl(k+k’)/ > = N ((N — k)h[_k;] + kh[N _ k‘])
n=0 k'=—n =0

Pearl [104] first analyzed such a circulant approximation and its applications in coding

and filtering. The same circulant approximation (referred to as an optimal preconditioner)
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was also proposed by Chan [22]. The optimal preconditioner is the solution to the following

optimization problem

minimize |[Cy — Hy||F

over all N x N circulant matrices. One can verify that Cy is the solution to the above
problem.
6.3 Asymptotic Equivalence of Circulant and Toeplitz Matrices

We first give out the notion of asymptotic equivalence of two set of matrices.

6.3.1 Asymptotically Equivalent Matrices

We begin with the notion of equal distribution of two real sequences, using a definition

attributed to Weyl [56].

Definition 6.1. [56/ Assume that the sequences {{un;}icin} -1 and {{vng e }N=1 are
absolutely bounded, i.e., there exist a,b such that a < uy; < b and a < vy; < b for all

I € [N] and N € N. Then {{un,}iein } =1 and {{vn,;hien }¥=1 are equally distributed if

=2

. 1
]\}1_13(1)0 N (U (uny) — Y (vyy)) =0.

l

I
o

for every continuous function ¥ on |a,b.
The asymptotic equivalence of two sequences of matrices is defined as follows.

Definition 6.2. [5/, 55] Two sequences of N x N matrices {An} and {By} (where Ay

and By denote N x N matrices) are said to be asymptotically equivalent if

I |An — Byl
m —-
N—o0 v N

and there exists a constant M < oo such that

=0

||AN”2 ) HBNHQ < M, VN € N.
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Following the convention in Gray’s monograph [55]|, we write Ay ~ By if {Ax} and
{Bx} are asymptotically equivalent. This kind of asymptotic equivalence is transitive, i.e.,
if Ay ~ By and By ~ Cly, then Ay ~ Cy. Additional properties of ~ can be found
in [55]. The following result concerns the asymptotic eigenvalue behavior of asymptotically

equivalent Hermitian matrices.

Theorem 6.1. [55, Theorem 2.4] Let {An} and {By} be asymptotically equivalent se-
quences of Hermatian matrices with eigenvalues {{\ (An)}icn V=1 and {{\ (Bn) v =-1-

Then there exist constants a and b such that
a< X\ (AN)a/\l(BN) < b, Vie [N],N e N.

Let ¥ be any function continuous on [a,b]. We have

N-1

lim 12 0 (N (Ax)) =9 (A (By))) = 0.

N—)oo
=0

In light of this theorem, Definition 6.2 can be viewed as the matrix equivalent of Defini-

tion 6.1.
6.3.2 Asymptotic Equivalence of Circulant and Toeplitz Matrices

Any circulant matrix Cly is characterized by its top row. Note that

N-1 N—-1
(CNG N /N E C ]271' (N=0)(k+n)/N j27|' (N=0)k/N E C —]27rln/N :

which implies that

N-1
Cne_y/n = ( c[n]e‘jQﬂl”/N> €(N_1)/N-

n=0

Thus the normalized DFT basis vectors {\/—%el /N} . are the eigenvectors of any circulant
€[N

matrix C'y, and the corresponding eigenvalues are obtained by taking the DFT of the first
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row of C)y. Specifically,

z
L

/\l (CN> — C[n]e_jQWln/N,

S
I
o

which can be computed efficiently via the FF'T. We note that {\; (Cn)},c(y; are not neces-
sarily arranged in any particular order; namely, they do not necessarily decrease with (.

For a sequence of Toeplitz matrices { Hx} and their respective circulant approximations
discussed before, the following result establishes asymptotic equivalence in terms of the
collective behaviors of the eigenvalues. As a reminder, we assume throughout this paper
that each Hy is Hermitian; this ensures that all Cy € {6’]\;, CA'N,ﬁN} are Hermitian as

well.

Lemma 6.1. Suppose that the sequence hlk| is square summable and Hy, 5N, éN,éN are

absolutely bounded™® for all N € N. Then

HNNéNNéNNEN,
and

N-1

lim 3™ (W(H)) — I (Cr) =0,

N—oo
=0

where ¥ is any continuous function on |a,b] and Cy € {C*N,C’N,@N}. Here [a,b] is the

smallest interval that covers all the eigenvalues of Hy, éN, CA'N, and Cy.

The proof is given in Appendix D.5. A stronger result follows simply from the elementary
view of Weyl’s theory of equal distribution [126], which is presented in Lemma D.6. As a
reminder, we do assume that the eigenvalues of each Toeplitz matrix are ordered such that

MN(Hy) > -+ > Av-1(Hy).

Lemma 6.2. Suppose that the sequence hlk| is square summable and Hy, éN, CA'N,éN are

absolutely bounded. Let \(Cy) be permuted that such that X\, (Cn) > X\pya)(Cn) > --- >

13We say a matrix A is absolutely bounded if its spectral norm (or largest singular value) ||A||2 is bounded.
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/\p(N—l) (CN) Then

N—
1
hmﬁz(; (N(Hy)) = 9N\ (Cw))| =0

N—o0

for every function ¥ that is continuous on [a,b] and Cy € {C~'N, 6’N,6N}. Here |a, b] is the

smallest interval that covers all the eigenvalues of Hy, éN, éN, and Cy.

This result follows simply from Lemmas 6.1 and D.6.
6.4 Individual Eigenvalue Estimates

Let {A (Cn)} ey denote the eigenvalues of the circulant matrix Cy for all Cy €
{(EN,C*N,EN}. Let A(Cn) be permuted that such that A, (Cn) > A\y)(Cy) > -+ >
Ap(N—1)(Cn). As the main contributions of this chapter, in this section, we establish the

following results, whose proof is given in Appendix D.

Theorem 6.2. Suppose that the sequence hlk| is absolutely summable. Then

lim maXP\l Hy) — X\ (Cn)| =0, (6.1)

N—o0 l€[N]
fOT’ all Cy € {éN,éN,éN}.

Theorem 6.2 states that the individual asymptotic convergence of the eigenvalues between
the Toeplitz matrices Hy and circulant matrices Cy € {C~7 N, C NS GN} holds as long as h[k]
is absolutely summable. Its proof involves the uniform convergence of a Fourier series and the
fact that the equal distribution of two sequences implies individual asymptotic equivalence
of two sequences in a certain sense. By utilizing the Sturmian separation theorem [67], we

also provide the convergence rate for band Toeplitz matrices as follows.

Theorem 6.3. Suppose that h[k] =0 for all k > r, i.e., Hy is a band Toeplitz matriz when
N >1r. Then
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max [\ (Hw) — A (C)| = O() (62)

as N — oo for all Cy € {éN,éN,éN}.

Utilizing the fact that the Cesaro sum has rather better convergence than the partial
Fourier sum, the following result establishes a weaker condition on h[k] for the individual

asymptotic convergence of the eigenvalues between Hy and Cy.

Theorem 6.4. Suppose that hlk] is square summable and h € L>=([0,1]) is Riemann inte-
grable and the essential range ofﬁ 8 [ess inf%,ess supﬂ, i.e., the essential range 0fi~z 18
connected. Then

lim max |\ (Hy) — A,y (Cn)| = 0. (6.3)

N—o0 I€[N]

Note that the sequence hlk] being absolutely summable implies that h[k] is square
summable, that & € L>([0,1]) is Riemann integrable, and that its range is connected. How-
ever, the converse of this statement does not hold. We provide an example in the simulation
part.

Finally, the following result concerns the convergence of the largest and smallest eigen-

values for more general classes of Toeplitz matrices.

Theorem 6.5. Suppose that h € L>([0,1]) is Riemann integrable. Then

A}l_I}I(l)Q X (Hy) = ]\}1_{%0 Ap(0) (C'N) = esssup h,

hi%o /\N—l (HN) = ]\}LI%O )\p(N—l) (61\7) = €8S 1nfﬁ

Laudadio et al. [84] summarized several algorithms to estimate the smallest eigenvalue

of a symmetric positive-definite Toeplitz matrix. These algorithms need O(N?) flops. Com-
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puting A\y,v—1) (EN) via the FFT requires O(N log N) flops, and at the same time, we are
guaranteed that A, N—l)(EN) is asymptotically equivalent to Ay_; (Hy) by Theorem 6.5.
The above results—characterizing the individual asymptotic convergence of the eigen-
values between Toeplitz and circulant matrices—serve as complements to the literature on
asymptotic equivalence that has focused on the collective behavior of the eigenvalues. Before
moving on, we briefly review said literature. In [54, 55|, Gray showed the asymptotic equiva-
lence of {Hy} and {Cy} when the sequence h[k] is absolutely summable. Pearl showed the
asymptotic equivalence of { Hy} and {Cy} when the sequence h[k] is square summable and
Hy and Cy have bounded eigenvalues for all N € N. The spectrum of the preconditioned
matrix Cy' Hy asymptotically clustering around one was investigated in [19, 21, 20, 130].
Finally, as noted previously, Bogoya et al. [12] studied the individual asymptotic behavior
of the eigenvalues of Toeplitz matrices by interpreting Szegd’s theorem in probabilistic lan-
guage. Our estimates for the eigenvalues of a Toeplitz matrix differ from [12] in that they are
only dependent on the entries of Hy (instead of the symbol 71( f)). For our proof, we utilize
the same approach of interpreting Szegd’s theorem in probabilistic language. However, [12]
requires the sequences of the eigenvalues to be strictly inside the range of E, while our work
covers more general cases where the sequences of the eigenvalues can be outside of the range

of h as illustrated in Theorem D.1. See also our remark at the end of Section D.3.
6.5 Simulations

In this section, we provide several examples to illustrate our theory. In the legends
of Figure 6.1-Figure 6.3, we refer to the circulant approximations éN,é'N, and Cy as

Circulant1, Circulant2, and Circulant3, respectively.

k 4

. 2
Case I: h[k] = W (@) W =1
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Figure 6.1: (a) Illustration of a continuous symbol A(f). (b) The cigenvalues of the Toeplitz

matrix Hy and the circulant approximations Cy, Cy, and Cy, arranged in decreasing order.
Here N = 500. (c) A plot of maxey ‘)\I(HN) - )\p(l)(C’N)| versus the dimension N for all

Cy € {éN,C’N,ﬁN}.

In our first example, the sequence h[k] is absolutely summable and the corresponding

symbol

1— 0<f<W

i
W
B = i) =4 1t 1w <

0, otherwise

is a triangular signal, which is continuous on [0,1]. Figure 6.1(a) shows &, Figure 6.1(b)
shows \(Hy), )\p(l)(éN), )\p(l)((AZ'N) and \,)(Cy) for N = 500, and Figure 6.1(c) shows
maxX;e|N] ‘)\I(HN) — )\p(l)(CN){ against the dimension N for all Cy € {éN,éN,EN}. As
guaranteed by Theorem 6.2, it can be observed in Figure 6.1(c) that the individual asymptotic

convergence of eigenvalues holds for all C~'N, C ~, and Cy.

Case II: h[k] = U

j2rk

In this case, the sequence h[k] is not absolutely summable and the symbol
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Figure 6.2: (a) Ilustration of a discontinuous symbol h( f)._(b) The cigenvalues of the
Toeplitz matrix Hy and the circulant approximations CN, CN, and Cy, arranged in de-
creasing order. Here N = 500. (c) A plot of maxe)n ‘)\l Hy) — \,0)(Cn) | versus the

dimension N for all Cy € {éN, C“N,EN}.

is not continuous, but its range is connected. Figure 6.2(a) shows h, Figure 6.2(b) shows

N(Hy), )\p(l)(éN), )\p(l)(CA’N) and \,;)(Cy) for N = 500, and Figure 6.2(c) shows

max (N (Hy) = Ay (Cn))|

le[N]
against the dimension N for all Cy € {éN, GNEN}. It is observed from Figure 6.2(c)
that the individual asymptotic convergence of the eigenvalues holds for Cy—as guaran-
teed by Theorem 6.4—but not for Cy and Cy. Figure 6.2(c) also shows that the errors
maxe(n) |A(Hy) — )\p(l)(éN)‘ and max;ey; ‘)\I(HN) — )\p(l)(éN)’ converge to the size of the
Gibbs jump (& 0.089).

Case III: h[k] = 22C7W0) 7 —

PN,

In this example, the sequence hlk] is not absolutely summable and the symbol

- 0, W<f<1-W,
h(f) =

1, otherwise,

is a rectangular window function, which is not continuous and whose range is not connected.
Figure 6.3(a) shows h, Figure 6.3(b) shows A (Hy), )\p(l)(é’]\;), )\p(l)(CA’N) and A, (Cy) for
N = 2048, and Figure 6.3(c) shows maxjen] [M(Hy) — Ay (Cy)| against the dimension
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Figure 6.3: (a) Illustration of a discontinuous symbol h(f) whose range is not con-
nected. (b) The eigenvalues of the Toeplitz matrix Hy and the circulant approxima-
Here N = 2048. (c) A plot

of max;e | ‘)\l(HN) — )\p(l)(CN)| versus the dimension N for all Cy € {6’N,6'N,6N}.

(d) The eigenvalues of the Toeplitz matrix Hy. (e) The eigenvalues of the circulant
matrix Cl, arranged in decreasing order. (f) A plot of |Xo(Hy) — Ay0)(Cn)| and
})\N_l(HN) — /\p(N_l)(ﬁN)’ versus the dimension N.

A~

tions Cy,Cy, and Cy, arranged in decreasing order.

N for all Cy € {6‘1\;, CA’N,GN}. Figure 6.3(c) illustrates that the individual asymptotic
convergence of eigenvalues does not hold for the circulant matrices éN, C ~, and C'y. Indeed,
the sequence h[k] does not meet the assumptions in either Theorem 6.2 or Theorem 6.4.
Due to the gap (between 0 to 1) in the range of the window function E, the eigenvalues
of Hy and Cy have different behavior in the transition region. To better illustrate this,
Figure 6.3(d) and Figure 6.3(e), respectively, show A\;(Hy) and A,y (Cy) for N = 2048. We
see that the eigenvalues of the Toeplitz matrix Hy cover the range [0, 1] somewhat uniformly,
while the eigenvalues of the Cy tend to cluster around 0, 1/2, and 1 (there are none near

1/4 or 3/4). The following result formally explains the transition behavior of the eigenvalues
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of HN.

Lemma 6.3. /35, 118, 148/ Let h[k] = 2 WK yith W = L. Fiz ¢ € (0,1). Then there

7k 4 2

exist constants C1,Cy and Ny such that the distance between any 2 consecutive eigenvalues

of Hy inside (€,1 — €) is bounded from below by 111((7_11\1) and from above by hf—fv); that is

Cy
hl(N) < Al(HN) - )‘H-l(HN) < h’l(N)

foralle < N1 (Hy) < N(Hy) <1—€and N > Ny. Also

1
AANj-1 2 5 Z A
for all N € N.

On the other hand, we have the following result on the eigenvalues of Cy. Its proof is

given in Appendix D.8.

Lemma 6.4. Let h[k] = 220 yivh W =

— Then

PN,

PENIT5I >, L €[N] andl # N/4,3N/4,

with o = 0.4 if N 1s a multiple of 4.

With more sophisticated analysis, we believe that the above result could be improved to
a ~ 0.45. This is suggested by Figure 6.3(e).

Combining Lemmas 6.3 and 6.4, we conclude that maxcy ‘)\I(HN) — )\p(l)(aN)‘ ap-
proaches = 0.2 as N — oo and N is a multiple of 4.

Finally, Figure 6.3(f) plots [Ao(Hx) — Ay0)(Cn)| and [Ay_1(Hy) — Ayv—1)(Cv)| against
the dimension N. As can be observed, the largest and smallest eigenvalues of C'n converge
to the largest and smallest eigenvalues of H y, respectively. This is as guaranteed by Theo-

rem 6.5.
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CHAPTER 7
TIME-FREQUENCY LIMITING OPERATORS ON GROUPS

One of the important pieces of progress in harmonic analysis made in last century is
the definition of the Fourier transform on locally compact abelian groups (i.e., harmonic
analysis on groups) [106]. This framework for harmonic analysis on groups not only unifies
the CTFT, DTFT, and DFT (for signal domains, or groups, corresponding to R, Z, and
Zy =410,1,..., N — 1}, respectively), but it also allows these transforms to be generalized
to other signal domains. This, in turn, makes possible the analysis developed in Chapters 3-5
for other parameterized subspace models appearing in applications such as steerable principal
component analysis (PCA) [133] where the domain is the rotation angle on [0, 27), an imaging
system with a pupil of finite size [38], line-of-sight (LOS) communication systems with orbital
angular momentum (OAM)-based orthogonal multiplexing techniques [136], and many other
applications such as those involving rotations in three dimensions [25, Chapter 5|.

In this chapter!*, we review existing results on the eigenvalues of composite time- and
band-limiting operators and generalize these results to locally compact abelian groups®®.
Applications of this unifying treatment are discussed in relation to channel capacity and to

representation and approximation of signals obeying certain parameterized subspace models.
7.1 The Effective Dimensionality of a Signal Family

One of the useful applications of characterizing the spectrum of Toeplitz operators (see
(7.4) and the following sentence for the definition of Toeplitz operators) is in computing
the effective dimensionality (or the number of degrees of freedom) of signals obeying cer-
tain parameterized subspace models. In this section, we formalize this notion of effective

dimensionality for a set of functions defined on a group G.

1This work is in collaboration with Michael B. Wakin.
15The formal definitions of groups and Fourier transform for functions defined on groups are in Section 2.10.

105



7.1.1 Definitions

To begin, suppose A is a subset of G and let W(A,¢(€)) C Lo(A) denote the set of

functions controlled by the symbol 3(5 ):

W(A,6(¢)) = {I € Ly(A) : x(g) = [@(5)5(5)%5(9)0157/Ia(£)|2d€ <lLge A}, (7.1)

G
which is a subset of Ly(A). We note that in (7.1), the symbol ¢(¢) is fixed and we will
discuss its role soon. It is clear that x obeys a parameterized subspace model as described
in Section 1.2.
Also let M,, C Ls(G) denote an n-dimensional subspace of Ly(G). The distance between

a point x € Lo(G) and the subspace M, is defined as

. 2 . 2, ‘<I’ Z>L2(G)‘
de,) = inf [ (wlo) = 9(9)*dg = [ (alo) = (Pue,)(0))* dg = o) Tl
' (7.2)

where Py, : L2(G) — Lo(G) represents the orthogonal projection onto the subspace M.
We define the distance d(W(A, éﬁ\(f)), M) between the set W(A, &5(5)) and the subspace M,

as follows:

AW FEN M) = swp d )= sw it [ (elo) - ule)dy,
2EW(A,H(E)) cEW(A,H(E) YT

which represents the largest distance from the elements in W(A, ¢(£)) to the subspace M.
The Kolmogorov n-width [76], d,(W(A, &5(5))) of W(A,g(ﬁ)) in Ly(G) is defined as the

smallest distance d(W(A, gg(ﬁ)), M,,) over all n-dimensional subspaces of Ls(G); that is

An(W(A, 6(6))) = inf d(W(A, 6(£)), My, (7.3)

In summary, the n-width d,,(W(A, 8(5))) characterizes how well the set W(A, 5(5)) can

be approximated by an n-dimensional subspace of Ly(G). By its definition, d,,(W(A, g/g(f)))
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is non-increasing in terms of the dimensionality n. For any fixed € > 0, we define the effective

dimensionality, or number of degrees of freedom, of the set W(A, QAﬁ(f)) at level € as [50]

o~

N (W (A, 9(€)),€) = min {n : du(W(A, 5(£)) < e}

In words, the above definition ensures that there exists a subspace M, of dimensionality
n=N(W(A,(&)),e) such that for every function z € W(A, ¢(€)), one can find at least one
function y € M, so that the distance between z and y is at most e.

We note that the reason we impose an energy constraint on the elements = of W(A, QAﬁ(f )
n (7.1) is that we use the absolute distance to quantify the proximity of z to the subspace

M, in (7.2).
7.1.2 Connection to Operators
In order to compute N (W(A, ¢(€)), €), we may define an operator A : Ly(G) — Ly(A) as
(40)(9) = [ a(©)E)el0)d € € A
The adjoint A* : Ly(A) — Ly(G) is given by

(A'2)(€) = / (9)3 (E)xzl9) dg.

The composition of A and A* gives a self-adjoint operator AA* : Ly(A) — Lo(A) as follows:

(aan)() = [ Fenels /()M) ((h)dhde

= [t [[[3@)] xcttog)agan (7.4

/Amqmb)( og)dh,

where ¢(g fG g)d¢ is the inverse Fourier transform of qb Because this linear

operator involves a kernel function ¢x ¢*(h~! o g) that depends only on the difference =1 o g,

we refer to it as a Toeplitz operator.'

6Qur notion of Toeplitz operators follows from the definition of Toeplitz operators in [56, Section 7.2].
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The following result will help in computing d,,(W(A, g/b\({“ ))) and the effective dimensional-

ity of W(A, QAﬁ(f )) and choosing the optimal basis for representing the elements of W(A, $(§ ).

Proposition 7.1. Let the eigenvalues of AA* be denoted and arranged as \y > Ay > -+ -.
Then the n-width of W(A, ngS(f)) can be computed as

dn(W(A, $(6)) = VA,

and the optimal n-dimensional subspace to represent W(A, (E({)) 18 the subspace spanned by

the first n eigenvectors of AA*.
The proof of Proposition 7.1 is given in Appendix E.1.
7.2 Time-Frequency Limiting Operators on Locally Compact Abelian Groups

Now we consider the time-frequency limiting operators on locally compact abelian groups.
As we have briefly explained before, time-frequency limiting operators in the context of the
classical groups where G are the real-line, Z, and Zy play important roles in signal processing
and communication. By considering time-frequency limiting operators on locally compact
abelian groups, we aim to (¢) provide a unified treatment of the previous results on the eigen-
values of the operators resulting in PSWF’s; DPSS’s, and periodic DPSS’s (PDPSS’s) |71, 57];
and (i7) extend these results to other signal domains such as rotations in a plane and three di-
mensions [25, Chapter 5|. In particular, we will investigate the eigenvalues of time-frequency
limiting operators on locally compact abelian groups and show that they exhibit similar
behavior to both the conventional continuous time and discrete time settings: when sorted
by magnitude, there is a cluster of eigenvalues close to (but not exceeding) 1, followed by an
abrupt transition, after which the remaining eigenvalues are close to 0. This behavior also
resembles the rectangular shape of the frequency response of the original band-limiting oper-
ator. We will also discuss the applications of this unifying treatment in relation to channel
capacity and to representation and approximation of signals.

To introduce the time-frequency limiting operators, consider two subsets A € G and

B € G. Define 7 : Ly(G) — Lo(G) as a time-limiting operator that makes a function zero
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outside A. Also define By = F'TgF : Ly(G) — Lo(G) as a band-limiting operator that
takes the Fourier transform of an input function on Lo(G), sets it to zero outside B, and then
computes the inverse Fourier transform. The operator By acts on Ly(G) as a convolutional

integral operator:

Ba)lo) = [ F(Oxeloae
-[(/ x(h)xzw)dh) OLL:
/ Ks(h 2(h)dh,

where

Kg(h™'og) z/BxZ(h)XE(g)dﬁ:/Bm(hlog)d& (7.5)

It is of interest to study the eigenvalues of the following operators

OAB = RBBR, and B]BRBIB- (76)

Utilizing the expression for B, the operator TyBg T, acts on any x € Ly(G) as follows

J, Ka(h' o g)u(h)dh, g€ A
0, otherwise.

(TaBgTax) (9) = {

The operator Oy p is symmetric and completely continuous and we denote its eigenvalues
by A\e(Oxp). Due to the time- and band-limiting characteristics of the operator Ou 5, the

eigenvalues of Oy p are between 0 and 1. To see this, let 2(g) € L2(A):

(Osz))a(a) = ([ [ e og)deathy anato))
-/ ( /] xahlog)x(mx*@)dhdg) a
- [lE@rag o

On the other hand, we have
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[eras< [Eoras= [ ks

7.2.1 Eigenvalue Distribution of Time-Frequency Limiting Operators

To investigate the eigenvalues of the operator Oy = Ty BpTa, we first note that without
the time-limiting operator Ty, the eigenvalues of Bp are simply given by the Fourier transform
of Kg(g), and thus they are either 1 or 0. Our main question is how the spectrum of the
time-frequency limiting operator relates to the spectrum of the band-limited operator. Based
on the binary spectrum of By, we expect that the eigenvalues of Oy g to have a particular
behavior: when sorted by magnitude, there should be a cluster of eigenvalues close to (but
not exceeding) 1, followed by an abrupt transition, after which the remaining eigenvalues
should be close to 0. Moreover, the number of effective (i.e., relatively large) eigenvalues
should be essentially equal to the time-frequency area |A||B|. These results are confirmed
below and reveal the dimensionality (or the number of degrees of freedom) of classes of
band-limited signals observed over a finite time, which is fundamental to characterizing the
performance limits of communication systems.

Before presenting the main results, we introduce new notation for subsets of G (or ((A})
which are asymptotically increasing to cover the whole group. This is similar to how we
discussed the case where N — oo in Section 2.8. To that end, let A,, 7 € (0,00) be a system
of open subsets of G such that 0 < u(A,) < co. The subscript 7 is sometimes dropped when
it is clear from the context. We can view A, as a set of open subsets that depend on the
parameter 7. One can also define a system of open subsets with multiple parameters. We
now preset one of our main results concerning the asymptotic behavior for the eigenvalues

of the time-frequency limiting operators Oy, p when A, approaches G.

Theorem 7.1. Suppose B is a fived subset of@ and let € € (0, %) Let
N (O, p; (a,0)) :=#{l:a < \(On, ) < b}

denote the number of eigenvalues of Ty BpTy. that is between a and b. Then if
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lim A, = G (7.7)

T—00

holds almost everywhere, we have

> A(On.5) = |A]B, (7.8)
¢
> Ni(Ow, ) = |A-|[B] — of|A-||B]), (7.9)
¢
which immediately implies
1 —e1
llm N(OATJB7[ 67 ])

00 A

N(Ou. p; (6,1 = €)) = o(|A-|[B]). (7.11)

= |B|, (7.10)

The proof of Theorem 7.1 is given in Appendix E.2. Theorem 7.1 formally confirms
that the spectra of the time-frequency limiting operators resemble the rectangular shape
of the spectrum of the band-limiting operator. As guaranteed by (7.10), the number of
effective eigenvalues of the time-frequency limiting operator is asymptotically equal to the
time-frequency area |A.||B|. Similar results for time-frequency limiting operators in the
context of classical groups where G is R™ are given in |79, 51]. We discuss the applications
of Theorem 7.1 in channel capacity and representation and approximation of signals in more
detail in the following subsections.

As we explained before, the time-frequency limiting operators in the context of the
classical groups where G are the real-line, Z, and Zy were first studied by Landau, Pol-
lak, and Slepian who wrote a series of papers regarding the dimensionality of time-limited
signals that are approximately band-limited (or vice versa) [120, 81, 82, 115, 118| (see
also [117, 119] for concise overviews of this body of work). After that, a set of results con-

cerning the number of eigenvalues within the transition region (0, 1) have been established
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in [83, 45, 101, 69, 75, 143]. which will be reviewed in detail in the following remarks.

Remark 7.1. Using the explicit expressions for the character function x¢(g) and the kernel
Kp(g) and applying integration by parts for (E.2), one can improve the second term in (7.9)

to O(log(|A,||B|)) for many common one-dimensional cases:

e Suppose G =R and G = R. Let Ay = [—Z,Z] (where 7 =T in (7.7)) and B = [-1 1]

272

without loss of generality. Then the kernel Kg(¢) turns out to be

1 .
- [ g 2

7t

(NI

Plugging in this form into (E.2) gives |63|

> (A(Ouypp))* =T — Olog(T)).

‘
In this case, the eigenfunctions of the operator Oy, p are known as PSWEF’s.

e As an another example, suppose G = Z, G = [—%, %] and let Ay = {0,1...,N —1}
(where 7 = N in (7.7)), B = [-W, W] with W € (0, 1). In this case, the kernel Kp(t)
becomes

W sin(2rWn
Kg[n] = /Weﬂ”f"df = —ETWTL )

Then plugging in this form into (E.2) gives (see also Theorem 5.1)
> (M(Ony2))* = 2NW — O(log(2NW)).

¢
We note that in this case, the operator O, p is equivalent to the N x /N prolate matrix

By with entries

sin (27W (m — n))
w(m —n)

BN7w[m,n] = (712)

for all m,n € {0,1,..., N —1}. The eigenvalues and eigenvectors of the matrix By w

are referred to as the DPSS eigenvalues and DPSS vectors, respectively.
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e As a final example, we consider G = Zy, G = Zy and the Fourier transform is the

conventional DFT. Suppose M, K < N. Let

Ay =1{01,....M—1}, B={0,1,....,K — 1}, (7.13)

where 7 = M in (7.7). In this case, xz[n] = e/2*% and the kernel Kg|n] is

K1 nK
Z 6]271_7 _ e]ﬂ_nKNl Sln(ﬂ'y) '
— sin(7 )
Then plugging in this form into (E.2) gives [45, 143]
MK MK

> (M\e(Ouy8))* = — — Ollog(—))-

l

Through the above examples, one may wonder whether we can in general replace the second
term in (7.9) by O(log(|A,||B|)) with a finer analysis of >, (A(O4, 5))?. We utilize a two-

dimensional example to answer this question in the negative:

e Suppose G = 72, G = (1,3l and let A = {0,1...,N —1} x {0,1...,N — 1},B =
[—W, W] x [-W, W] with W € (0, ). In this case, the kernel Kg[n;,no] is

sin(27Wny ) sin(2rWny)
TWn, TWny

woow .
Kglny,ng| = / / e2mfin 27 fanz dfidf=
-wJ-w
The eigenvectors of the corresponding operator Oy g are known as the two-dimensional
DPSS’s. For this case, we have

D (A(On, 5))* = 4AN’W? — O(NW log(NW)).
l

In other words, we can only improve the second term in (7.9) to O(NW log(NW))
rather than O(log(4N?W?)).

Remark 7.2. We note that the transition region in (7.11) depends on € in the form of 0(6(1 6))
because it is simply derived from (7.8) and (7.9). A better understanding of the transition
region requires further complicated analysis. In the literature, finer results on the transition

region are known for several common cases:
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e The results for the eigenvalue distribution of the continuous time-frequency localization
operator (where G = R, G = R, Ay = [—Z,Z] and B = [—4, 3]) has a rich history.
As one example, for any ¢ € (0,1), Landau and Widom [83] provided the following

asymptotic result on N (Oa, g; [€, 1]):

1 1—e€ vl uvl
N(Oprp;l6,1]) =T+ <ﬁlog - ) logT +o0 (log 7) :

This asymptotic result ensures the O(log(1) log(7T')) dependence on € and time-frequency

€

area T. Recently, Osipov [101] proved that

N (O3 €. 1]) < T+ Clog(T)? log(1/e),

where C'is a constant. Israel [69] provided a non-asymptotic bound on the number of
eigenvalues in the transition region. Fix n € (0,1/2]. Given € € (0,1/2) and T > 2,

then [69]

N{Osrzi(e1 - 9) <26, (1og (22 T)) g (7). (7.14)

where (), is a constant dependent on 7 € (0, 3].

e The earliest result on the eigenvalue distribution of the discrete time-frequency lo-
calization operator (where G = Z, G = [—%,%), Ay ={0,1,...,.N—1} and B =
[—W, W] with W € (0, 3)) comes from Slepian [118], where it is shown that for any
b € R, asymptotically the DPSS eigenvalue A\(O(Ay,B)) — ﬁ as N — oo if

(= [2NW + %log N|. This implies the asymptotic result:

2 1
N(Opy5i(6,1= €)) ~ — log Nlog (_ _ 1> |
™ €

Recently, by examining the difference between the operator Oy, g and the one formed

by a partial DFT matrix, we have shown in Corollary 3.1 the following nonasymptotic
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result characterizing the O(log N log %) dependence:

N(Opyzi (61— €)) < (% log(8N) + 12) log (1?5) | (7.15)

Theorem 3.2 also provides similar results for the eigenvalue distribution of discrete

periodic time-frequency localization operator with sets A ), and B defined in (7.13):

N(Ony i (e,1 =€)
< (%mg(szv) + 12) log (1?5) + 4 max "l <‘% <(%) _ 1> €> .0

2
log ()

Remark 7.3. Tt is also of particular interest to have a finer result on the number of eigenvalues

1

that is greater than 3 since this together with the size of the transition region gives us a

complete understanding of the eigenvalue distribution.

e Landau [80] establishes the number of PSWF eigenvalues that are greater than % as

follows

Ar)-1)(Onr8) = 5 = A7) (Oarp). (7.16)

N | —

e Theorem 5.2 provides a similar result for the DPSS eigenvalues.

In the following two subsections, we review some applications of Theorem 7.1.
7.3 Application: Communication

In [51], Franceschetti extended Landau’s theorem for simple time and frequency intervals
to other time and frequency sets of complicated shapes. Lim and Franceschetti [89] related
the number of degrees of freedom of the space of bandlimited signals to the deterministic
notions of capacity and entropy. Now we apply Theorem 7.1 to the effective dimensionality

of the bandlimited signals observed over a finite set A by utilizing the result in Section 7.1.
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~ 1, eB
To that end, we plug ¢(§) = 15(¢) = : the indicator function on B into (7.1) and

0, £¢B

get the following set of bandlimited functions observed only over A:

W(A, 15(€)) = {x € La(t) 5(0) = [ alOnelo) a6, [la@ <1y A} .

When A C R? represents a subset of time and space, the number of degrees of freedom
in the set W(A, 1g(§)) determines the total amount of information can be transmitted in
time and space by multiple-scattered electromagnetic waves [51]. Now we turn to compute
the effective dimensionality of the general set W(A,15(¢)). In this case, |¢(¢)2 = 1g(€)
and the corresponding operator AA* defined in (7.4) is equivalent to the time-frequency
limiting operator O, p in (7.6). Now Proposition 7.1 implies that the effective dimensionality
N(W(A, (Z(f)), €) is equal to the number of eigenvalues of Oy g that is greater than e, which
is given by Theorem 7.1. In words, the effective dimensionality of the set W(A, 15(¢)) is
essentially |A||B|, and is insensitive to the level € (as illustrated before, in many cases, this
dimensionality only has log(Z) dependence on ).

7.4 Application: Signal Representation

In addition to the eigenvalues of the time-frequency limiting operator TyBg 7Ty, the eigen-
functions Ty BTy, are also of significant importance, owing to their concentration in the time
and frequency domains. To see this, let uy(g) be the ¢-th eigenfunction of T,BgTys, corre-
sponding to the (-th eigenvalue \(7TpBpTs). Denoting the Fourier transform of u,(g) by

ue(€), we have

/We(f)|2d§= BF wg, TeFug)
B

(T

<F_1BFUZ, Ug>

(F ' TeFTaug, Taue)
(TaF ' TeF Taue, Tawe)
N (TaBeTa) | Taue,

(7.17)
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where the third line follows because uy(g) is a bandlimited signal (i.e., Ta(us) = w,), and
the last line utilizes TaF ' TgFTaue = TaBsTaue = Ne(TaBpTa)ue. In words, (7.17) states
that the eigenfunctions u, have \(TyBg.Ay) proportion of energies within the band B, im-
plying that though the eigenfunctions are not exactly bandlimited, their Fourier transform is
mostly concentrated in the band B when A\,(7aBp.As) is close to 1. Thus, the first ~ |A||B]
eigenfunctions can be utilized as window functions for spectral estimation, and as a highly
efficient basis for representing bandlimited signals that are observed over a finite set A.
Recall that W(A,, 15(£)) (defined in (7.1)) consists of bandlimited signals observed over
a finite set A.. Applying Proposition 7.1, we compute the n-width of the set W(A,, 15(§))

as follows:

dn(W(Aﬂ 115%(5))) =V )‘n(AA*) Y, )‘n(OAT,B)-

By the definition of (7.3), we know for any z(g) € W(A,, 15(€)),

/ 2(9) — (Pu,2)(@)dg < \/3(On.p),

where U, is the subspace spanned by the first n eigenvectors of Oy g, i.e.,

U, := span{ug(g),u1(g), ..., un—1(9)} (7.18)

Now we utilize Theorem 7.1 to conclude that the representation residual y/\,(Oy, 5) is very
small by choosing n ~ |A,||B|.
We now investigate the basis U, for representing time-limited version of characters x¢(g)

and bandlimited signals.
7.4.1 Approximation Quality for Time-Limited Version of Characters y¢(g)

We first restrict our focus to the simplest possible bandlimited signals that are observed
over a finite period: pure characters x¢(g) when g is limited to A,. Without knowing the
exact carrier frequency £ in advance, we attempt to find an efficient low-dimensional basis

for capturing the energy in any signal x¢(g). To that end, we let M, € Ly(A,) denote an
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n-dimensional subspace of Ly(A;). We would like to minimize

/B e — Pusxel 2 €. (7.19)

The following result establishes that the degree of approximation accuracy in a MSE sense
provided by the subspace U,, for representing the time-limited version of characters x¢(g)

(where g is limited to A, ).

Theorem 7.2. For anyn € Z*, the optimal n-dimensional subspace which minimizes (7.19)

1s U,,. Furthermore, with this choice of subspace, we have

=0 (O, 5)
A ||B]

1 [ IIxe = PuaxellZ,a,

)
— de=1-
Bl Je  lxellZm,

The proof of Theorem 7.2 is given in Appendix E.3. Combined with Theorem 7.1, Theo-
rem 7.2 implies that by choosing n =~ |A.||B|, in average the subspace spanned by the first n
eigenfunctions of Ty_BpTy, is expected to accurately represent time-limited characters within
the band of interest. We note that the representation guarantee for time-limited characters
{Ta.xe, € € B} can also be used for most bandlimited signals that are observed over a finite

set A.. To see this, suppose z(g) is a bandlimited function which can be represented as

2(g) = / ()xelg) A€,

An immediate consequence of the above equation is to view {74, x¢, & € B} as the atoms for

building 7, z:
Toz= [ 3T xede
B
7.4.2 Approximation Quality for Random Bandlimited Signals

We can also approach the representation ability of the subspace U, (defined in (7.18))

from a probabilistic perspective.
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Theorem 7.3. Let x(g) = xe(9), 9 € A be a random function where £ is a random variable

with uniform distribution on B. Then we have

E [HQS - ,PUan%Q(AT)} _ 22;01 /\Z(OAT,B)
E {22, [A-|B

The proof of Theorem 7.3 is given in Appendix E.4. With this result, we are able to show

that in a certain sense, most bandlimited signals, when time-limited, are well-approximated
by a signal within the subspace U,,. In particular, the following result establishes than the

bandlimited random processes, when time-limited, are in expectation well-approximated.

Corollary 7.1. Let x(g),g € G be a zero-mean wide sense stationary random process over

the group G with power spectrum

L, (€B,

Py(&) = { o

otherwise.

Suppose we only observe x over the set A,. Then we have

B {lle = Po,ll3, 0 "0 5)

E [lall2,u,)] 1B

The proof of Corollary (7.1) is given in Appendix E.5. As in our discussion following

n—1
Theorem 7.1, the term 1 — &%W appearing in Theorems 7.3 and Corollary 7.1 can be
very small when we choose n slightly larger than |A,||B|. This suggests that in a probabilistic
sense, most bandlimited functions, when time-limited, will be well-approximated by a small

number of the eigenfunctions of the operator O, p.
7.5 Applications in the Common Time and Frequency Domains

We now review several applications (that are not included in Chapters 3 and 4) involving
the time-frequency limiting operator O, g in the common time and frequency domains, where
the eigenfunctions correspond to DPSS’s PSWEF’s, and PDPSS’s.

It follows from (7.17) that, among all the functions that are time-limited to the set A,

the first eigenfuction ug(g) is maximally concentrated in the set B of the frequency domain.
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Motivated by this result, the first DPSS vector is utilized as a filter for super-resolution [47].
In [125], the first ~ 2N DPSS vectors are utilized as window functions (a.k.a. tapers) for
spectral estimation. The multitaper method [125] averages the tapered estimates with the
DPSS vectors, and has been used in a variety of scientific applications including statistical
signal analysis [27], geophysics and cosmology [28].

By exploiting the concentration behavior of the PSWF’s in the time and frequency do-
mains (where G = R and G = R), Xiao et al. [135] utilized the PSWF’s to numerically
construct quadratures, interpolation and differentiation formulae for bandlimited functions.
Gosse [53| constructed a PSWF dictionary consisting of the first few PSWF’s for recovering
smooth functions from random samples. The connection between time-frequency localization
of multiband signals and sampling theory for such signals is investigated in [70]. In [112, 113],
the authors also considered a PSWF dictionary for reconstruction of electroencephalography
(EEG) signals and time-limited signals that are also nearly bandlimited from nonuniform
samples. Chen and Vaidyanathan [23| utilized the PSWF’s to represent the clutter subspace
(and hence mitigate the clutter), facilitating space-time adaptive processing for multiple-
input multiple-output (MIMO) radar system; see also [138, 42].

We finally mention that the eigenvalue concentration behavior in Theorem 7.1 can also be
exploited for solving a linear system involving the Toeplitz operator Oy g: y = Oy px. Since
the operator O,  has a mass of eigenvalues that are very close to 0, the system is often solved
by using the rank- K pseudoinverse of Oy g wheren K ~ |A||B|. In the case when the Toeplitz
operator is the prolate matrix By defined in (7.12), its truncated pseudoinverse is well
approximated as the sum of By y; (which is equal to By,w) and a low-rank matrix [95, 75
since most of the eigenvalues of By are either very close to 1 or 0. By utilizing the fact that
By is a Toeplitz matrix and By has a fast implementation via the FFT, Chapter 3
provides an efficient method for solving the system y = By wa which appears in linear

prediction of bandlimited signals based on past samples and the Fourier extension.
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CHAPTER 8
CONCLUSIONS AND POSSIBLE FUTURE WORK

This thesis considers parameterized subspace model in which the signals of interest are
inherently low-dimensional and live in a union of subspaces, but the choice of subspace
is controlled by a small number of continuous-valued parameters. Specifically, our focus
has been constructing an appropriate basis (that matches the effective number of local de-
grees of freedom) to economically represent the signals of interest and developing rigorous,
theoretically-backed techniques for computing projections onto and orthogonal to these sub-
spaces. Our contributions in this thesis have included: new non-asymptotic results on the
eigenvalue distribution of (periodic) discrete time-frequency localization operators; fast con-
structions for computing approximate projections onto the leading Slepian basis elements; an
orthogonal approximate Slepian transform that has computational complexity comparable
to the FFT; results on the spectrum of combined time- and multiband-limiting operations in
the discrete-time domain and analysis for a dictionary formed by concatenating a collection
of modulated DPSS’s; analysis for the dimensionality of wall and target return subspaces
in through-the-wall radar imaging and algorithms for mitigating wall clutter and identify-
ing non-point targets; an asymptotic performance guarantee for the individual eigenvalue
estimates for Toeplitz matrices by circulant matrices; and the eigenvalue distribution of
time-frequency limiting operators on locally compact abelian groups. To conclude, we point

out some ongoing research as well as many possible future directions for this research.
8.1 On the Asymptotic Equivalence of Circulant and Toeplitz Matrices

In Chapter 6, we took the first step towards investigating conditions under which the
asymptotic equivalence of the matrices implies the individual asymptotic convergence of
the eigenvalues. In particular, our results suggest that instead of directly computing the

eigenvalues of a Toeplitz matrix, one can compute a fast spectrum approximation using the
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FFT. This is long known, but we provide new guarantees for the asymptotic convergence of
the individual eigenvalues.

However, the convergence rate O(;) (see Theorem 6.3) is only provided for band Toeplitz
matrices. A number of issues remain open regarding the convergence rate of the eigenvalues

between the general Toeplitz matrices and circulant matrices constructed in Chapter 6. For

log N
N

instance, we suspect a similar convergence rate (O(=) or O( )) holds under the assump-
tions of Theorem 6.2 (and even Theorem 6.4).

Another interesting question would be whether it is possible to extend our analysis to
general (non-Hermitian) Toeplitz matrices, along the lines of the Avram-Parter theorem |6,

103]. In addition, it would also be of interest to extend our analysis to the asymptotic

equivalence of block Toeplitz and block circulant matrices.
8.2 Time-Frequency Limiting Operators on Locally Compact Abelian Groups

In Chapter 7, we characterize the asymptotic behavior for the eigenvalues of the composite
time- and frequency-limiting operators on locally compact abelian groups. As inspired by
the applications listed in Section ??7, we raise several questions concerning Theorems 7.1 and
7.2. Following the two remarks after Theorem 7.1, two natural questions are raised as follows:
(i) Can we improve the second term in (7.9)? Furthermore, what nonasymptotic result (like
(7.14) for the PSWF eigenvalues and (7.15) for the DPSS eigenvalues) can we obtain for the
number of eigenvalues of the Toeplitz operator Oy p within the transition region (e¢,1 — €)?
(ii) Can we extend (7.16) to the general time-frequency limiting operator Ox 7

Other open theoretical questions concern the accuracy to which the subspace spanned
by the first n eigenfunctions of Ty BT, can represent each individual time-limited character
Taxe with & € B. Theorem 7.2 ensures that accuracy is guaranteed in a MSE sense if
one chooses n &~ |A||B| such that the sum of the remaining eigenvalues of G is small. We
suspect that a uniform guarantee for each 74X, can also be obtained since the derivative of
Ixell7, () is bounded, giving a finer result concerning the eigenvalue distribution for 7,Bg 7.

In Chapter 4, we have a non-asymptotic guarantee for the DPSS basis in representing each
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complex exponential ey with frequency f inside a band of interest.
8.3 The General Framework in the Discrete Case

Inspired by the results in Chapters 3, 4 and 5 respectively for sampled bandlimited signals
and sampled multiband signals (see (2.5) in Section 2.4.2), we consider the general problem
of finding appropriate subspace that best approximates the data vector & drawn from a col-
lection of subspaces of CV parameterized by a small number of continuous-valued parameters.
The information content of such signals @ is governed by the small number of continuous-
valued parameters. The desired subspace is to materialize the intrinsic information content

and facilitate the subsequent data processing tasks.
8.3.1 Formal Description

To begin, we let Sy denote an L-dimensional subspace of CV parameterized by § =
(01,0, ...,0p) € O, where © is the D-dimensional parameter space that governs our signal.
We let the matrix ¥, € CV*X denote any orthonormal basis'” for Sy. Note that ¥y can
be viewed as a matrix-valued function of §. We assume Wy[n,[] is a continuously integrable
function of # for all n € [N],l € [L]. The signal of interest is generated as an integral of

vectors belonging to different subspaces Sy
T = / vgdf where vy = Phay € Sy, (8.1)
DCO

where D C O represents a possibly infinite set of parameter vectors and {ay}eco are the
length-L vector valued functions of coefficients corresponding to the bases {Sy}oco-
In many applications, D will have small measure, and we are interesting in several ques-

tions:

e what is an appropriate low-dimensional basis that best approximates all possible @

appearing in (8.1)?

e how do the dimensionality and basis functions change as a function of D?

I"This condition maybe reduced to just basis.
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8.3.2 Potential Approach

In order to answer the questions posted above, similar to the approach in Section 7.1.2,

we may define an operator A : CN — Ly(D,CF) as
[Au](0) = iu, 6cD,

where [Au](6) is a vector valued function. Define the vector valued function ay : R? — CF
via

ag = [ag(6) a1(0) -+ ar1(0)]",

where a,(f) € C is a function of # for all | € [L]. Here the normed linear space Ly(DD, CF)

consists of all vector valued functions ay on the interval § € D with

lall2, p.c0 = / las|36 < oo.

Letting by € Lo(ID, CE), we can also define the inner product in Ly(ID, CF) via

(a,b), e :/Dm@,bg) d@z/ﬂ)bfagdé.

The adjoint A* : Ly(D, CF) — CV can be expressed as

.A*a = / ‘I’gag do.
D
Thus the signal model appearing in (8.1) equals & = A*a. One can check that

(A, @) ey = [ affw W) = [ aff Wlfudd = (u. Aa).

T T

where the notation (-, ), without subscript, denotes the conventional inner product on CV.

The self-adjoint operator A*A : CV — C¥ is given by
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A Au = / U, Wl ud) = / U, W/ dfu = Bu (8.2)
D D

with

B :/\I:@xpgfde, (8.3)
D

which is equivalent to A*A. We can show that B is the covariance matrix of a random
variable generated by picking 6 uniformly from D, and thus investigating the operator A*.A
is equivalent to the conventional PCA approach. Similarly, we can define the operator AA*
which is a Hilbert-Schmidt integral operator and has at most N non-zero eigenvalues. One
can check that A4*A4 and AA* have the same non-zero eigenvalues.
DPSS and DPSWF Revisited

Consider the example where D = [-W, W] C © = [-1, 1] and L =1, ¥y[n] = e/*™ n €

[N]. The corresponding signal class consists of the sampled bandlimited signals as

x[n] :/ageﬂ’rendﬁ.
D

The operator A : CV — Ly(ID) becomes

[Au](0) = Nz_:l e 92 y[n], 0 € D.
n=0
In words, the operator A is equivalent to taking a vector in CV, computing its DTFT and
truncating the DTFT to D. The adjoint operator A* : Ly(D) — C¥ acts on a function
supported on I, computing its inverse DTFT (IDTFT), and then time-limiting the IDTFT
to [N] as
A*ag)in] = / Goc 0. 1 € [N].
D

We then obtain the self-adjoint operator A*A : CV — CV
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A*.AU = BN,WU

where By is the prolate matrix defined in (2.16) (and also (2.11)). The operator A*A is
equivalent to the composite of time- and band-limiting operators in Section 2.5. Thus the
eigenfunctions of A*A are the DPSS’s.

In a nutshell, the number of large eigenvalues of A*A tells the effective dimensionality
of such signals & modelled in (8.1). The eigenfunctions (or eigenvectors) of A*A corre-
sponding to the significant eigenvalues give us an orthobasis for the class signal & appearing
in (8.1). Thus, to answer the questions posted in Section 8.3.1, we can turn to investigate
the eigenvalues of either A*A or AA*. In some cases a closed form expression for matrix
B may be available; in other cases this matrix may be computable (e.g., via integration of
fD W, Wldf). Numerical integration for fD W, Wil can be obtained by uniformly sampling
0 over D (for smoothness class of integrands) and by randomly sampling 6 over D (for compli-
cated integrands). Once the matrix B is a Toeplitz matrix, we can utilize the fast estimates
developed in Chapter 6 for estimating the eigenvalues of B. However, a number of theoreti-
cal questions still remain open concerning the eigenvalue distribution for the operators A*A
or AA*, like Corollary 3.1, Theorem 5.3 and Theorem 7.1 for the eigenvalue distribution of

the time-frequency limiting operators.
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APPENDIX A
PROOFS FOR CHAPTER 3

This appendix mainly includes the proofs for Chapter 3.
A.1 Proof of Theorem 3.1

Our goal is to show that By w — FN,WFX/,W is well-approximated as a factored low rank
matrix. To do this, we will express Byw — FywFyy, in terms of other matrices, whose
entries also have a closed form. We will then derive a factored low rank approximation for
each of these other matrices. Finally, we will combine these low rank approximations to get
a factored low rank approximation for By w — Fnw Fy .

Towards this end, we define D4 to be the N x N diagonal matrix with diagonal entries

Dyn,n] = > for n =0,...,N — 1 and define A, to be the N x N matrix with entries

1_ - R 1mfn if m 7£ n,
Ag[m,n] = (m=n) Nsin(n ")
0 if m =n.

We also define Dp to be the N x N diagonal matrix with diagonal entries Dg[n,n| =
edWHWIn for n =0,..., N — 1 and define By to be the N x N matrix with entries

2sin(n(W + W’')(m — n))

w(m —n)

By[m,n] =

Note that with these definitions, we can write the (m,n)-th entry of By w — FnwFy y as
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[Bnw — FnwFywllm, n
sin(2rW(m —n))  sin@rW'(m —n))

w(m —n) N sin(m™5")
_sin@rW(m —n))  sin@2aW'(m —n)) N sin(2rW'(m —n))  sin2aW'(m —n))
w(m —n) w(m —n) w(m —n) N sin(m™5")
_ 2 sin(7(W — W) (m — n)) cos(m(W + W')(m —n))
w(m —n)
sin(2nW'(m —n))  sin(2aW'(m —n))
m(m —n) N sin(m™F")

= By|[m,n| cos(m(W + W')(m —n)) + Ag[m, n]sin(2eW'(m — n))

1 1 1 1
= —DBBQD*B + —D*BB()DB + —DAA()DZ - —DZA()DA [m,n]
2 2 27 29
Hence,

1 1 1 1
By = FywFw = 5:DaA0D = 3-DiADa+ 5 DsBoDjy + 5 D BoDy. (A.1)

Thus, we can find a low-rank approximation for Byw — FywFyy by finding low-rank
approximations for Ay and By. In order to do so, it is useful to consider the N x N matrix

A, defined by

Ao[m, n] B 7r(m—1n+N) o Tr(m—ln—N) if m 7& n,

0 if m=n.

Ai[m,n] = {

Next, we let H denote the Hilbert matrix, i.e., the N x N matrix with entries

1

Hlmnl = oot

and let J be the N x N matrix with 1’s along the antidiagonal and zeros elsewhere. (Note
that for an arbitrary N x N matrix X, JX is simply X flipped vertically and X J is X

flipped horizontally.) Using these definitions, we can write A, as
1
Ay=—(HJ —-JH) + A;. (A.2)
s

By combining (A.1) and (A.2), we get
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Byw — FywFyw =5:Da [z (HJ —JH) + A| D} — 5:D [L(HJ — JH) + A] D4

+1DpB\D} + 1Dy B Dy
(A.3)

We next proceed by controlling the rank of H, A, and By separately.
Controlling the rank of H

Our goal is to construct a low-rank matrix H = ZZ* such that | H — ﬁ“ < ¢y for some

desired 0y > 0. We will do this via Lemma A.1, which we prove in Section A.6.

Lemma A.1. Let A be an N x N symmetric positive definite matrix with condition number
k, let B be an arbitrary N x M matriz with M < N, and let X be the N X N positive

definite solution to the Lyapunov equation
AX + XA"=BB".

Then for any 6 € (0,1], there exists an N x rM matrixz Z with

r= % log (4k) log (%ﬂ : (A.4)

such that

1X —zz"| < ] x]. (A.5)

Now, we let A be the N x N diagonal matrix defined by A[n,n] = n + % for n =
0,...,N —1, and let B € R" be a vector of all ones. It is easy to verify that the positive
definite solution X to AX + X A* = BB* is simply X = H. The minimum and maximum
eigenvalues of A are A\pin(A) = % and Ay (A) = N — %, and thus the condition number for
A is k = 2N — 1. Thus, by applying Lemma A.1 with § = %H, we can construct an N X Ry

matrix Z with

such that
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5
|1H - 22| < 7HHHH-

It is shown in [109] that the operator norm of the infinite Hilbert matrix is bounded above by
7, and thus, the finite dimensional matrix H satisfies | H|| < 7. Therefore, |H—ZZ*|| < iy,

as desired.
Controlling the rank of A,

Next, we construct a low-rank matrix A, such that ||A; — A;|| < é4 for some desired

04 > 0. In this case we will require a different approach. We begin by noting that by using

the Taylor series expansions '8

1 _ i _ EZO _9—(2k-1) )C(Qk) 2% — 1

sintx TwX T

and

we can write

Aq[m,n] =

)_ﬂ(m—n—I—N)_ﬂ(m—n—N)

:]

(m n)  Nsin (m

“ i L= (1= 274 (2h) (mJG ) |

=1

We can then define a new N x N matrix A, by truncating the series to R4 terms:

Ai[m,n] = Ni 31— (1 27@ D¢ (2k) (m]; ”) -

™
k=1

Note that each entry of A isa polynomial of degree 2R4 — 1 in both m and n. Thus, we

could also write

8Here, ((s) := Y_,—, n~* is the Riemann-Zeta function.
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for a set of scalars ¢, € R. If we let V4 be the N x 2R, matrix with entries Vy[m, k| = mF
and let C4 be the 2R 4 x 2R 4 matrix with entries Cylk, (] = ¢k, it is easy to see that we
can write Avl = V,C4 V. Thus, Avl has rank 2R 4.

Next, we note that by using the identity (1 —2'7%)((s) = > (7111)—:“ for s > 1, we have

n=1
(=1)"
an

0<1—(1—2"@M)(2k) = i

n=2

< 1
= ok

where the inequality follows from the fact that this is an alternating series whose terms

decrease in magnitude. Hence, we can bound the truncation error |A;[m,n] — A;[m,n]| by

| Ai[m,n] — Avl [m,n]| =

k=Ra+1

Niw Z [1—(1- 2—<2k—1))g(2k)] <m]; n) :
2 o0

— Y 11— 27 )¢(2k) ‘m]; n

k=Ra+1

2k—1

IN

[e.o]

2 1
S N > oor

k=Ra+1
2 1\
" 3Nn <§> '

Therefore, the error ||A; — A;||% is bounded by:

2
A= A= Y3 M — A < v | 2 (1) (1)
1 1ir = 1m,n Hm,nj|- = 3N \ 2 “ 92\ 3 .

m=0 n=0

Hence,
~ ~ 2 (1\*™
A1 — Ayf| <A1 = Aul[lr < = | 5 :
3\ 2

Thus, for any 64 € (0, =) we can set Ry = {@ log (ﬁﬂ and ensure that ||A; — 4| <

04 and

_ 1 2
_ .
rank(A;) <2 [QIOgQ tog <37T5Aﬂ

Controlling the rank of B,
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To construct a low-rank matrix By such that | By — EOH < 4p for some desired dp > 0,

we use a similar approach as above. Using the Taylor series

. B 00 (_1)kx2k+1
sing =3 2k + 1)1

k=0

we can write

2sin(7(W — W')(m —n))

Bofm,n] = 7r(m —n)
0 2 W W/)( n)]2k+1
% 2k: F1)(m —n)
2 & (W — W)N2EHL (m —n\ >
" Nr ; (2k +1)! ( N ) ‘

We can then define a new matrix BO by truncating the series to Rp terms:

RBl

~ (W — WNZFHL (m —n\ >
Bolm, n} := 5 Z 2k + 1)! N '

Note that each entry of By is a polynomial of degree 2Rg — 2 in both m and n. Thus, we

could also write
2Rp—22Rp—2
Bomn = Z Z cwmn
k=0 =0

for a set of scalars ¢, € R. If we let Vp be the N x (2Rp — 1) matrix with entries
Vi[m, k] = m" and let Cj be the (2Rp — 1) x (2Rp — 1) matrix with entries Cg[k, ] = ¢,
it is easy to see that we can write Eg = VpCpVy. Thus, E’O has rank 2Rp — 1.

Next, we note that by definition, 2W'N is 2W N rounded to the nearest odd integer.
Hence, [2W'N—-2WN| < 1, and so, |7(W—-W')N| < Z. Also, we have that (2k+1)! > 2.32++!

for all integers k > 0. Hence, the truncation error |By[m,n] — By[m, n]| is bounded by:
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o0

2 (=) [r(W — WN)2EHL (i —n\ >
N%Z (2k + 1)! <N>

k=Rp

|Bo[m, n] — Bo[m, n]| <

2 (=) [x(W — W)N]Z» L (m—n\ K
<
= Nr (2K +1)! N
2 (57"
< =20
— Nr % 32Rp+1
3 2Rp
W()

where we have used the fact that an alternating series whose terms decrease in magnitude

can be bounded by the magnitude of the first term. Thus, the error || By — EOH% is bounded

by:
—1N-1 2
~ ~ 3 /71y 2Rz 9 s\ 4Rp
By - By|% = By B 2<NnN-——(ﬁ :—Q) .
1B~ Byl mZD ] = Bl ]} < N | ’
Hence,

~ ~ 3 /7N 2RB
|Bo—Boll < [1Bs = Bollr < 5 (%) -

Thus, for any dg € (0, )We canset Rg = { L log (%ﬂ and ensure that ||B0—§0|| <p

2log p
and

~ 1 3
< — || — 1
rank(By) < 2 LIOg 5 log (25]3)}

Putting it all together

For any € € (0,3), set' 6y = {Z¢ and 64 = 6 = s5¢. Then, let H=27Z" A, =
V,C4V}, and EO = VpCpV}; be defined as in the previous subsections. Also, define
Ey;=H — E, E,=A, — Avl, Ep =By — éo. By using these definitions along with (A.3),

we can write

BN,W — FN,WF;\},W =L + EF,

19Tt may be possible to obtain a slightly better bound via a more careful selection of §4, g, and dy. We
have not pursued such refinements here as there is not much room for significant improvement.
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where
L=1D,|{(HJ-JH)+A|D;, - D} |L(HJ - JH) + 21’1] D,
+1DpB,D}, + 1D} ByDy
= Y(D4sZZ*JD},— D,JZZ*D", — D\ZZ*JD, — D' JZZ*D,)

27j

+ 5:(DAVACAV D}y — Dy VaCuViDa) + 5(DpVsCpVy Dy + Dy VpCpVE Dp)

and
Ep =+D, [Y(EyJ — JEy) + EA] D}y — £ D [L(EyJ — JEy) + E4] D
+ %DBEBD*B + %D*BEBDB
If we define
L1 -

(55:D4Z —55DaJZ —5-D4Z 5-D3JZ 5D,Vy —5:D3Vy ;DpVp ;D;Vp]

2mj

and
L, = {DAJZ D,Z DyJZ D3,Z Ds,V,C, D,V,C%\ DgVpCj DEVBCE} )
then L = L, L} and Ly, Ly are both N x R matrices, where
R,=4-Rg+2-2Ry+2-(2Rp— 1)
=4 [% log(8N — 4) log (;—Z)-‘ +4 LI; log (377'25,4)—‘ +4 [21(;% log (%)-‘ -2

4 dr 2 2 3

< —log(8N —4)log | — 1 1 1

- m? 0g(8 )log (5H) * log 2 o8 (3#5,4) * log & o8 (25B> 10
4 15 2 20 2 45

= —log(8N —4)1 — 1 1 — 10

2 o8 )Og<e)+log2 0g(77r€ +logg 0g(7€>+

4 2 2 15 2 4 2 3
(g — s 2 2 V1o (2 1 log { 7 ) +1
(712 og(8 )+log2+log%) Og(é ) Tlog2 (217T> +10g% w <7> o

(L) o) s (1)
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Also, by applying the triangle inequality and using the fact that | D4|| = | Dgl| = ||J|| = 1,

we see that

2 2 2 4dme Te Te
Er| < —||FE E Eg|| <-4 at+dp=——+—+—=¢.
1Bell < 1Bl + Bl + | Boll < 26+ 04+ 05 = = - =+ 2+ 2 =
Together, these two facts establish the theorem.

A.2 Proof of Corollary 3.1
Corollary 3.1 is a direct consequence of Theorem 3.1 together with the following lemma.

Lemma A.2. Let A be an N x N Hermitian matriz with eigenvalues A0 > o> AW

Suppose we can write
A=UU"+L+E,

where U is an N x K matriz with orthonormal columns (U*U =1), L is an N x N Hermitian

matriz with rank(L) = r, and E is an N x N Hermitian matriz with |E| < e. Then
#{0: e< AP <1 ¢} < 2n
Proof. Define S1 = Null(UU*) N Null(L) and d; = dim(S;). For any € S; with ||z||s = 1,
**Ax =xz"Ex < |[E| <.

Then by the Courant-Fischer-Weyl min-max theorem,

AWN=d) — ip max £¥Ax| < max Az <e.
subspaces S xreS €S
dim(S)=d; | [lz[l2=1 [l]l2=1

Similarly, let Sy = Null(I — UU*) N Null(L) and dy = dim(S;). Then, for any € S, with

][> =1,
z(I-—Ax = —a"Ex < ||E|| <e

Since the eigenvalues of I — A are 1 — AN > o> - )\(0), the min-max theorem tells us

1— A=Y = mip max (I — A)x| < max *(I—- A)x <e,
subspaces S xES xESo
dim(S)=ds | [lz[l2=1 llz[2=1
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meaning A4>~Y > 1 —¢. Thus

#{0e< A9 <1 —¢} <N —dy—ds,.
Since for any two N x N matrices My, My
dim(Null(M;) N Null(M;)) > N — (dim(Range(M;)) + dim(Range(My))),
we know dy > N — (K +7r)and dy > N — (N — K +r). Thus,

#{0:e< A9 <1—¢} < 2r

A.3 Proof of Corollary 3.2

Corollary 3.2 is a direct consequence of Corollary 3.1 together with the following lemma.

Lemma A.3. Let A be an N x N symmetric matriz with eigenvalues 1 > A0 > >

AN=D >0 and corresponding eigenvectors vy, ..., vn_1. Fize € (0, %), and let
/ . 0)
r=#{0 : e< AV <1—¢€}.

Choose K such that A=Y > ¢ and \5) < 1 — ¢, and set Vi) = [Uo UK1:|‘ Then

there exists N x 1’ matrices Uy, Uy and an N x N matriz E with ||E|| < € such that

ViKiVikg = A+UU; + E.

Proof. First, we partition the eigenvalues of A into four sets:

L={0:A9>1—¢}, L={(:0<K, e<)\Y<1—¢},
L={{:(>K e<X\P<1—¢}, T,={0:29<e}

We can write
A=VIMV+ VoA VS + VEASVE + VALV

and
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Vi)V = ViV + VoV,

where the V; contain the eigenvectors from I; as their columns, and the A; are diagonal

containing the corresponding eigenvalues. Thus,

VigViig — A = Va1 = A)V5' = VAV + Vi — AV, = ViA, V]
= U1U2* + E,

where

o= {VZ(I — Ag)'? —V?’Ail*ﬂ] ’
b= {V?(I—Az)l/? VBA?Z}’

I-A; O %%
-l v
0 —Ay| |V
Notice that the number of columns in both U; and Us is the same as the size of I, UI5, which

is exactly r’. Also, since both ||[I — A;[| < € and ||[A4]| <€, and [Vl 1/4] has orthonormal

columns, we have || E| < e. O
A.4 Proof of Corollary 3.3

Corollary 3.3 is a direct consequence of Corollary 3.1 together with the following lemma.

Lemma A.4. Let A be an N x N symmetric matriz with eigenvalues 1 > A0 > >

AXN=1> 0 and corresponding eigenvectors vy, ...,vn_1. Fiz e € (0, %), and let

r=4#{0 : e< XY <1—¢}

Choose K such that A=Y > ¢ and \K) < 1 —¢. Let Vi) = [’Uo 'UK—I] and Ajg) =
diag A\, ..., XE=D) . Define A} = V[K}A[_Kl} Vi to be the rank-K truncated pseudoinverse
of A. Then there exists N x r matrices Us, Uy and an N x N matriz E with ||E|| < 3¢ such

that
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Al = A+UU; +E.

Proof. We partition the eigenvalues of A into four sets:

L={0:A9>1—¢}, L={(:0<K, e<)\Y<1—¢}
I={0:0>K e<A9<1—¢€}, I,={0:29<el

We can write
A=VINMV]+ VoA V) + VAV + VAV
and
Al = VIAT'VY + VAV

where the V; contain the eigenvectors from II; as their columns, and the A; are diagonal

containing the corresponding eigenvalues. Thus,

Al — A= [Va(A7' = M) V5 = ViAsV5] + [Vi(AT! = ADV) = ViAL V]
= l']gl-ji< + E,

where

U, = [VQ(A;1 — Ay)12 V;,Aﬁ/ﬂ :

AT'—A 0 ||V
o= lu v
0 AL |V

Notice that the number of columns in both Uz and U, is the same as the size of I U I3,
which is exactly 7. Also, since [|[A;! — A < i —(1—€) = 1= +e<3eand ||Ay] <,

and [V1 VJ has orthonormal columns, we have || E| < 3e. O
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A.5 Proof of Corollary 3.4
Corollary 3.4 is a direct consequence of Corollary 3.1 together with the following lemma.

Lemma A.5. Let A be an N x N symmetric matriz with eigenvalues 1 > \g > -+ > Ay_1 >

0 and corresponding eigenvectors vy, ..., vn_1. For a given reqularization parameter o > 0,

define Ay, = (A*A + o) LA*. Fize € (0,3) and let

'3
r=#{:a(l+a)e< X <1—3ze}.

Then there exists an N X r matriz Us and an N x N matriz E with | E| < € such that

1
1+«

Ay = A+ UU: + E.

Proof. We partition the eigenvalues of A into two sets:
L={(:a(l+a)e<i<l—ze}, L={l:N<a(l+a)eor A\ >1—3ie}.

We can write
A=VIAV + VLAV
and
A = VI(A2 + o) AV + V(A2 + o) ALV,

where the V; contain the eigenvectors from I; as their columns, and the A; are diagonal

containing the corresponding eigenvalues. Thus,

Ak~ A= Vi [(A7 + D) Ay — (A Vi 4V (A3 al) A — A V5
= ljkr—',[]g< + E,

where

USZ‘/l [(A%_{_al)—lAl_LAl}l/Q’

14+
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E =V, [(A]+ o) "Ay — Ay V5

14+«

Notice that the number of columns in Uy is the same as the size of I, which is exactly r.

Observe that the matrix (A2 + oI)7tAy — IJ%QAQ is diagonal, and the diagonal entries

VIR VIR Ae(1-22)
A+a 1+a (1+a)(A2+a)

1-— %e <A < 1. If Ay < a(1 4 a)e, then we have:

are of the form where )\ satisfies either 0 < A, < (1 + «)e or

Me(1—=22) <a(1+oz)e-1_€
T (l+a)(XM+a) - (I4+a)a

AMA=27) AT+ )1 =)
T (14+a) (XM +a)  (I+a)(M\+a)

Ae(1-22)

(1+a)(X2+a) < €. Hence, ||(A2 + oI)"'Ay — == A,|| < ¢, and thus

In either case, 0 < Tra

|E|| <e. O
A.6 Proof of Lemma A.1

Iterative methods for efficiently computing a low-rank approximation to the solution of a
Lyapunov system have been well-studied [90, 134]. The CF-ADI algorithm presented in [8§]
constructs a factor Z by concatenating a series of r N x M matrices, Z = [ Z, Zy --- Zr:| ,

where

Z1 = v/ 2]91(A +p11)71B

Zy, = ppk (I — (px + pe-1)(A +ka)_1) Zy, k=2,...m
k—1
for some choice of positive real numbers py, ..., p,.. They show that the matrix ZZ* produced

by this iteration is equivalant to the matrix produced by the ADI iteration given in [90], and

thus, ZZ* satisfies
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X — ZZ" = $(A) X $(A)* where ¢(z) = [ 2.
H T+ pj

(This is shown in [90] by using induction on r.) Therefore, the error | X — ZZ*|| satisfies

1X =ZZ"|| < |X]| - l6(A)II° = 1X] - max o) < [|X][|- max [¢(x)],
€s
€Spec(A) z€[a,b]

where @ = Apin(A) and b = Apax(A) (so £ = 2). In [134], it is shown that for a given interval

la,b] and a number of ADI iterations r, there exists a choice of parameters py,...,p, such

that max,ejq4 [¢(x)]* = @, where « satisfies

I(vV1—a?) _ 4rl(kh)
I(«) I(V1=k2)

where I(7) is the complete elliptic integral of the first kind, defined by

/2
() ::/ (1 r2sin? 0)1/2 dp.
0

It is shown in [85] that the elliptic nome, defined as

/1)

s oo [ A

satisfies

For 0 < 7 <1, the range of the elliptic nome is 0 < q(T) < 1. Hence, the above equation gives
us the inequality 72 < 16¢(7). By using the definition of the elliptic nome, this inequality

becomes
I(vV1—72 2 4
Mg—log—forOSTgl.
I(7) T T
So, by setting the number of iterations as r = (7%2 log (4k) log (%ﬂ, we have

NG -1 4- L 1og(4x) log(4
zlogézl( 1—a?)  4rl(x™) 4z 0g(4rk) Og(‘s)—zlogé
T T«

Ia) I(V1—r2) "~ 2 log(4k) R
Hence, max,ep, 5 |¢(2)]* = a < 6, and thus, | X — ZZ*|| < 6|| X, as desired.

153



Remark A.1. It is shown in [90] that (A.4) is a good approximation for the number of
iterations needed to get the relative error less than §, provided that x > 1. It is shown in
[134] that (A.4) is a good approximation provided that r > 3. Here, we have shown that

(A.4) is sufficient to guarantee a strict bound on the error.

Remark A.2. The choice of parameters py, ..., p, which minimizes max,e[qy |¢(2)|* is given

by the formula py = bdn [Z21(V1 — k72), V1 — k2], where dn[z, 7] is the Jacobi elliptic
function. This function is defined as dn[z, 7] = \/1 — 72sin” ¢, where ¢ satisfies [7(1 —
725in% 0)~1/2df = z. If the Jacobi elliptic function dn is not available, a suboptimal choice

2%k—1 2r—2k+1
of parameters p1,...,p, is given by pp =a 2r b 2r | i.e., we can pick the parameters to

be evenly spaced on a log scale.
Remark A.3. If the matrix A is diagonal, each iteration of the CF-ADI algorithm above will
take O(N) operations. Hence, the matrix Z can be computed in O(rN) operations.

A.7 Proof of Theorem 3.2

Theorem 3.1 implies that the difference between By and Fyw Fy y is effectively low
rank. The main idea is to first show that the difference between the two prolate matrices

By w and [EM,W] ~ is also effectively low rank. By using the Taylor series

Lo §o 202K

(
- x
sin x 2 ’
r=1

where ¢ denotes the Riemann-Zeta function, the (m, n)-th entry of the difference [B s w|n —

By is given by

([Buwly — Byw) [m,n]
sin 2nW(m —n))  sin 2aW(m —n))

~ Msin ((m — n)r/M) m(m —n)
1 1 sin (20 (m — n))
o sin <(m;/[n)7r> B (mX/[n)ﬂ' M

=Y t(r;m —n) = Ls[m,n| + Es[m,n]

r=1
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for all m,n =0,1,..., N — 1. Here t(r; k) (1 —272)¢(2r) (%)27“_1 sin (2rWk), and

2
T Mm

Ly and E5 are N x N matrices with entries

Ly[m,n| = Zt(r;m —n), Es[m,n] = Z t(r;m —n).
r=1 r=R+1

Define D € R27%2E ¢4 have entries

D[2r —1—p,p| = % (1 _ 2—(27«—1)) C(2r)(=1)" <27"p— 1)

for 1 <r < Rand 0 < p < 2r — 1, and zeros for the remaining entries. Also define

U,V € RVY*2E guch that

Uln,r] = (%)rsin (27Wn), Vin,r] = (%)rcos (27Wn)

forall 0 <r <2R—1and 0 <n < N — 1. The rank of L, then can be identified by noting

that
L R 27“le ' MmA2r—1-p /1 \ P
dmn] =323 DPr =1 =) (:) (5)
(sin (2rWm) cos (2rWn) — cos (2nWm) sin (2rWn))
R 2r-1
= Z Z D[2T -1 —p,p] (U[m,Qr —1 _p]V[n7p]
r=1 p=0

~ V[m,2r — 1 - p|U|n,p))
= (UDV*) [m,n] — (VDU") [m,n].

This implies Ly = UDV* — VDU* and rank(Ls) < 4R.
Also note that 1 — 27%((s) = n(s) is the Dirichlet eta function satisfying 0 < n(s) =

> EU" <1 for all s > 1. We now turn to bound the entries in Es as

n=1 ns
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00 00 9 N 2r—1
| Ey(m,n)| = Z t(r;m—n)| < Z — (M)
r=R+1 r=R+1
_ 9 (%)2R+2 _ 9 (%)QR
NG AN T

— T ((MHy2_1)¢ .
Choosing R = max (%f"ﬂ)zl), O), we obtain that |Ey(m,n)| < 5. It follows from
N

the Gershgorin circle theorem that

€
1B < ngX; [Ba(m.n)] < 1.

By Theorem 3.1, there exist N x N matrices L, and E; with

rank(L;) < (4 log(8N) +6) log (L), ||E|| < ¢

such that BN,W = FN,WF]QW + L1 + El.

Denoting L = Ly + Ly and E = E;, + FE,, we obtain

[Buw|v =Byw + Lo+ Ey = FywFyyw+ L+ E,

where
rank(L) < rank(L;) + rank(L,)
4 —log 87 ((X)2-1)e
< (% 10g(8N) + 6)log (18) + Zmax(w, 0)
and
15 1
E| <|E E|| < — —€=c¢.
B < IE + 1Bl < et Le=

The proof is finished by invoking Lemma A.2 and utilizing the fact that Fy w Fyy; has

only eigenvalues 1 and 0.
A.8 Proof of Corollary 3.5

We first consider the spectrum of [Fy|p, the top-left principal submatrix of Fy,. It is

clear that its singular values are between 0 and 1 since it is a submatrix of F);. We first
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observe that the gram matrix of [Fy]p, [Fa]7[Far is identical to [Bag/2p)r up to unitary
phase factors, i.e.,
_ipm=n  sin (w(m —n)/p)
Fv 5 F — e I LT
([ M]L[ M])[m7n] € MSII]((m—TL)’]T/M)

= Gijﬂ-% ([EMJ/QP]L) [m, n], V m,n € [L]

This implies [Fy]}[Fur has the same eigenvalue distribution to [Br/2)r. Thus, Corol-
lary 3.5 holds for [F)], trivially by following Theorem 3.2.
Now note that any submatrix Fjy, obtained by deleting any consecutive M — L columns

and any consecutive M — L rows of Fy; is identical to [F)s|; up to unitary phase factors

Fyy, = diag (a¢) [Fiv diag (ay)
where £, 7 depend on the locations of the submatrix Fy), and
o (L=1E

¢ T
a: = |1 e 2"y ... e M ] .

Thus, any submatrix Fj), has the same spectrum as [Fy|p.

157



APPENDIX B
PROOFS FOR CHAPTER 4

This appendix mainly includes the proofs for Chapter 4.
B.1 Supporting Results

We establish several results which will also be useful in the remaining proofs. We start

by the following result, a variant of Von Neumann’s trace inquality [96].

Lemma B.1. [/96] For any M x N (suppose M < N ) matrices A and B with singular values
ag>a; > >ay—1>0and By > By > - > By—1 > 0, we have

M—-1

trace(AB”)[ < )~ a -

m=0

Proof of Lemma B.1. We enlarge A and B into N x N matrices A" and B’ with zero rows,

ie.,

w[2] (7]

Let af > o) > ---ay_y and B > B} > --- > [_, be the singular values of A’ and B/,
respectively. Note that a,, = o/, 8, = ), foralln < M —1land o, = 0,8, =0foralln > M.
It follows from Von Neumann’s trace inquality [96] that

trace(AB*)| = |trace(A'(B')*)| < al Bl = X B

]

The following result provides an upper bound on o(Q) by the singular values of F*N’WB NwW—

VV*FywBnw.

Lemma B.2. Let V. € CW2LNWI=UXE be g orthonormal basis with R < (N —2|NW | —1).
Letmg > m > -+ > Tny_g Nw|—2 denote the singular values ofF;7WBN7W—VV*F§V7WBN,W.

Then
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N—2|NW|-2

w
0= [ lles-QQelirs >

=0

where Q = [FN,W FNy[/V} .

Proof of Lemma B.2. Recall (4.3) that

w
0(Q) = /W lles — QQ*efHS df = trace (Bnw — QQ*Bnw) .

Plugging in Q = [FN,W FNWV], we have

—trace <BNW - FNW FNWV} [FN,W FN,WV]*BN,W)
=trace <F BN WFN - F* [FNW FN WV] [FN,W FN,WV]* BN,WFN>

=trace <FN7WBN,WFN,W — VV*F?\QWBN,WFN,W)
N—2|NW|—2 (B.1)

< Y nlFul
1=0
N—2|NW|—-2

< Z I,

1=0
where the first inequality follows from Lemma B.1 by setting A = FL’WB N’W—VV*F*N’WB NW
and B = F . O

In order to utilize Lemma B.2, we need the distribution of the singular values of F;’WB N -

This is established by the following result, whose proof is given in Appendix B.6.

Lemma B.3. (singular value decay) Let g > o1 > -+ > on—2|Nw|—2 denote the singular

values offjvwaN,W. Then
oy <€
when € = Cylog (£2) for any € € (0,1). Also
op < 1567%.

Now we are well equipped to prove the main results.
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B.2 Proof of Theorem 4.1

We first provide the following results on the representation guarantee for the leading
DPSS vectors and the subspace angle between the column spaces of Sk and Q. Its proof is

given in Appendix B.7.

Lemma B.4. Let V.€¢ C2INWI=UXE pe g orthonormal basis with R < (N — 2| NW | —
1). For any € € (0,3), fix K to be such that )\S\f‘;,l) > €. Then the orthobasis Q =
[Fxw  FywV] satisfies
HF}WBN,W - VV*F}WBNWH
1Sk Sk — QQ*SkSi|* <n:= ;
cos (Og,.q) > /1 — Nu,

2
¢ (.
‘ SEV?W -QQ SEV?WHZ <=7

€

foralll=0,1,..., K — 1.
Since V is the first R-principal eigenvectors of F*N,WB ~N.w, using Lemma B.3, we obtain
HF}"WBN,W - VV*??V’WBMWH < 15¢ O~
If we set R = Cy log (i—g), we have
HF*MWBN,W - VV*F;,’WBN,WH < e

Alternatively, if one set R = Cy log (125\/ ):

2
|FrwByw — VVFy By | < 5
The proof is completed by utilizing Lemma B.4.

B.3 Proof of Theorem 4.2

Let 09 > 01 > -+ > oy_2nw|—2 denote the singular values of F*N7WBN7W. Since
V' consists of the R dominant left singular vector of F;FV’WBN’W, the singular values of
F}‘V’WBN,W - VV*F;LWBN,W are ORr,OR41,---,0N—2Nw|—2 and R zeros. It follows from

Lemma B.3 that
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N—2|NW|-2 N—2|NW|-2

Z op < Z 156—&

(=R (=R
_ R N-2|[NW]-R-1
e °v(l—e€e N
=15 ( T
1—e Cn
__R _R-1
e °nN e °n
<15———=15—7—
1—¢e o~ en — 1

_B=1
§156 N CN,

1
where the last line follows from the Taylor expansion of e“~ which results in
1

. < Cy.
—1+1+$+($) +---

If Cylog (%) + 1 <0, which implies that

N—2|[NW|-2

Z U€§N6>

=0
thus by setting R = 0 and Q = Fy i we are guaranteed that

N—2|NW -2 1

w _
/ ||ef QQ" efHQdf_ ~ Z o < NNEZE-

wo el 2

Otherwise, choosing R = Cy log (15CN) + 1, we have

N—2|NW|-2
Z Oy SNG.
(=R
Now applying Lemma B.2, we have
" lles —QQuely 1 VRN
f fll2

df < oy < —Ne =g,

/W lesll3 N ;i. N

where we utilize the fact that each sinusoid has energy |le;||3 = N.

Remark B.1. By (B.1), we have
0(Q) = trace (F*N,WBN,WFN,W — VV*F*N,WBN,WFN,W) -

Directly solving
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o — _ . o
minimize  trace (FNWBNWFNW VV*FlyBywFy W) ’
VeCWN-2[NW]-1)xR ) ’ ; : : i

we obtain an alternative optimal solution V' consisting of the first R principal eigenvectors of
Fjva NWFN,W. The orthobasis Q' = [F NW FN,WV’ } is optimal in terms of minimizing
0(Q) and also for averagely representing all discrete-time sinusoids with a frequency f €
[—W, W] in the least square sense. We can also have similar approximation guarantee for
V’. Note that

FYywBywFyw —1 EJ’Q,WBN,WEN,W

F}, (Byw — FxwFyw) Fy = | =~ 32 N
N (Byw Nw FRw) Fy FywBywFyw  FywBywFyw

By utilizing the result that

BN,W = FN,WFj\k/,W + L+ E,

where

15

rank(L) < Cy log (—) and |E| <e,
€

we can rewrite F},WBN,WFN,W = L, + E5, where
L2 = F>;V7WLFN,W and E2 = FT\LWEFN,VIW

Thus,
15

rank(Ly) < Cy log (—) and | Bl <.
€

It follows from Eckart-Young-Mirsky theorem [44| that
|FywBywExw — V' (V') FyywBywFawl < |E| <e
15Cy

Therefore, choosing R = C'y log (T) + 1, with similar argument we also have

w *e .2 = ¥l V'VF y wBywF
_ 1 . A7 .
/ lles QC)2 ef”%lf < — trace <FNWBN7WFN,W — V' (V')*FywByw N,W> <e

w lesl3 N ’ |

We note that all the other results on V' can also be applied to V' with similar or slightly

different guarantee.
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B.4 Proof of Theorem 4.3

By Theorem 4.2, we are guaranteed that the pure sinusoids have, on average, a small
representation residual in the basis Q. Intuitively, the representation error for each pure
sinusoids is also guaranteed to be small. The following result provides an upper bound on
the representation error for each pure sinusoid with the average representation error. Its

proof is given in Appendix B.8.

Lemma B.5. For any q € {1,2,..., N}, suppose U € C¥*? is an orthonormal basis such

that U*U = 1. Also suppose W > ﬁ. Then

e, —UU"

lesl3

ef“; W 2 1 W * 2
< max | 2V7 ey —UUeslydfs S [ lles =UU eyl

Proof of Theorem 4.3. 1t follows from (B.2) that by choosing R = Cl log (156@) + 1, we

have

N—2|NW]-1
Z o <€.
I=R
Utilizing Lemma B.2 gives
w N—2|NW|—-1
[ ler-Qaediars Y s
—-w I=R

The proof is completed by setting

€ =—, R=Cylog 60mCy +1,
47 €2

or

15Cy
,_ —_—
€ = NWe, R—C’Nlog<NW€)—l—1.
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B.5 Proof of Theorem 4.5

We first present the following guarantees on randomized algorithms for computing or-

thonormal basis from [60].

Theorem B.1. [60, Theorem 10.5] (average Frobenius norm) Let A be an M x N (suppose
M < N) matriz with singular values ag > oy > -+ > apr—1. Choose a target rank R > 2
and an oversampling parameter p > 2, where P = R+p < M. Let €2 be an N x P standard
Gaussian matriz. Let Py be an orthogonal projector onto the column space of the sample

matrix Y = AQ. Then the expected approximation error

Ro\Y2 (M2 1/2
_ < - 2
(4~ Pral) < (1+-1) (;am) ,

where E denotes expectation with respect to the random matriz 2.

Theorem B.2. [60, Theorem10.6] (average spectral error) Under the setup of Theorem B.1,

B 1/2
R P M-—1
m=R

Proof of Theorem 4.5. Let 0y > 01 > --+ > on_gnw|—2 denote the singular values of

F;‘\LWBN’W. Utilizing Lemma B.3, we have

N—2|NW|-2 N—2|NW|-2

¢ 2
> sy ()
=R =R
_9 R _oN-2[NW]|-R-1
e "°v(l—e N
=225 ( =
1—e °~
-2 £ 281
§2256—N2 = 22562—N
1—e S~ en —1
§22562'3N1%.

Note that here V' is an orthonormal basis for the column space of the sample matrix
F*NWBN,WQ. Let mg > 7y > -+ > my_g nw|—2 denote the singular values of F;,WBN,W —

VV*F*N,WBN,W.
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e Utilizing Theorem B.2, we have

E[|[FrwByw - VVFyuByw]

R evP [ 2
<|1 e — 2
STV PTR- 0R+P—R<ZRUZ>
R __R \/P _oR=1 U 1/2
<l|1 — |1 c 22 c
S + P_Rh_1 5e N+P—R( 5 N )
R __R evVP _r1 [Cy
=14+ ——— | 15e v +1 vy X
+ P_R_1 de N + 5P—R6 N 5

Setting R = C'y log (%) +1and P =2R+ 1, we have

= —k 62 CN 62
NwDNW NWENW - 30 + 15e + loe V R+130+ 15¢ — ‘

since Cy < R for any €2 € (0,1). It follows from Lemma B.4 that

E [HF;,WBN,W . VV*F;‘V’WBN,WH]

E[||Sk Sk — QQ"SkSk|’*] <

l x (L
E[Isi — Qs |?] < e

<e€
€

for all [ = 0,1,..., K — 1. Alternatively, setting R = Cy log <(30+6+56)N> + 1 and

P =2R+ 1, we have

62

E [HF}‘WBN,W - VV*F*N’WBNW‘H <<

Thus applying Lemma B.4 gives

E HFN wByw — VViFy WBN,WH
E[cos (Ogr)l > \|1—N [ 7 7 } > V1 —e

€

e Set p= ? +1,1ie., P= %R + 1. It follows from Theorem B.1 that
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- - R\
E|FywByw = VV'Fyy B < (1 + —) S

32,/22562%;%

—15¢ v /20y,

By applying Lemma B.2 and utilizing the inequality between the Frobenius norm and

the nuclear norm, we have

* N—-2|NW|-2
" lles - QQreslr 1
E I 2df = —E Y m
w lesl2 N~ (B.3)

1 —x% —x _R-1
< LNE HFNWBMW - VV*FNWBNWH < 15¢” v /2Cy.
b I F

Setting R = C'y log (w—f%) + 1, we obtain

w o * 2
]E/ Hef QQ ef”2df S €.

wo lesll3

e Set p= % +1,ie., P= %R + 1. From (B.3), it follows that

w _
E [/ ||6f — QQ*€f||§:| < 15N€7%7Nl vV ZCN
-Ww

Utilizing Lemma B.5, we have

E

les — QQ*efni]

lesll3

w w
<max | E 2ﬁ\// le; — QQres|df ,E{NW/ le; — QQes?
W -w

R—1
_r-1 15Ne °n /2C
< max (2\/ 157 N+/2CNe fc]¢7 ¢ NII/VV N) .

Setting
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N+/2 157/2
607 ; CN) —I—l,CNIOg( 5T CN) i 1)
€

R = max (C’N log ( T
€

yields

E

* 2
les - QQ efu2] <

lell

B.6 Proof of Lemma B.3

Note that

* *
FywByw — Fyw

F (Byw — FxwFyy) = FywByw

By utilizing the result that
Byw =FywFyw+L+E,

where

15

rank(L) < Cy log (—) and |E| <e,
€

. —k
we can rewrite FN’WBN,W = L, + E4, where
=

Li:=FyyL and E :=F,,E.

Thus,

rank(L;) < Cy log (1—€5> and | EL || <.
It follows from Eckart-Young-Mirsky theorem [44] that
Orank(Ly) < || B4l <€
for any € € (0,1). Noting that ||FjV’WBN7W|| < ||F9;V,W||||BN7W|| < 1, we have

L
op < 15e On.
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forall ¢ =0,1,..., N — 2| NW| — 2. Otherwise, suppose o, > 1567#. If 1567& > 1, then
£ L
it contradicts to the fact that oy < 1. If 15e “~ < 1, let ¢ = 15e¢ °~. Then we have a

contradiction to the fact that oyank(z,) < € and rank(L,) < Cy log (%) = /.
B.7 Proof of Lemma B.4
Fix K to be such that )\%;;/1) > e. Utilizing Byw = SywAnw Sy w, we have
|Byw — QQ*Bywl| =||SvwAnwSyw — QQ™SnwAnwSywll
:HAN,W - SXI,WQQ*SN,WAN,WH
>||Ax — SEQQ K Akl

:H (I - S;(QQ*SK) AKH
> ||1- 85QQ S|

On the other hand,

|Byw — QQ*Byw| =||Byvw — [Fvw FywV] [Fyw FN,WV]* By w ‘

= ||FyByw — Fy [FN,W FN,WV} [FN,W FN,WV]*BN,WH

—|[FrywByw — VV*F}‘V’WBN,WH .

Combining the above two sets of equations yields

HF}WBMW _ VV*F}‘V,WBN,WH
II-SxQQ Sk| <n= -

€

Now exploit the relationship between Sk S% — QQ*SK S} and I — S5, QQ* Sk as follows

|SkcSi — QQ" Sk Sicll* = [ (SieSi — QQ"SkSi)" (SkcSic — QQ" Sk Si)

=[Sk (I - SxRQQ*Sk) Sk
<X —=SxQQ*Sk)|l <.

Then, utilizing the inequality ||I — SxQQ*Sk/||,.c < [II — SKQQ*Sk||, where || Al

max — max 18

the maximum absolute entries of A, we have
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KSNW) QQ"sy )< IT— S5QQ*Sk| <7

forall ¢ £ 0 0,0 =0,1,..., K — 1, and

sO0 —QQ sy =1l s < I1- s.QQ sk <
NW N, NW||, = K K|l =7

forall ¢ =0,1,..., K — 1.
Let s be an arbitrary unit vector in the subspace spanned by Sk, i.e., s = Ze 0 ags%)w
with |[s[ls = S5 ' a? = 1. We have
K-
Is — QQ"s|l, = Z (W — Q@' )
=0

K
5 o -0t

<\/_Z|Oée\
< < /N

where the last line follows from the inequality between L!'-morm and L*norm: [lal; <

VK ||al|; for any @ € R, Thus, we obtain

1QQ*s|2=1—|s—QQ"s||>>1— Nn.

Since this result holds for arbitrary unit vector s in the subspace spanned by Sk, we finally

have
cos(Og,.q0) > /1 — Nn.
B.8 Proof of Lemma B.5

Let ® be an N x N diagonal matrix with diagonal entries j270, j2m, ..., j2r(N —1). The

derivative of ||e; — UU*e;|| in terms of f can be computed as
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d * * *
g ler — UU esll3 = 2R (e (1 - UU*) They).

We first obtain an upper bound for its derivative

d * * *

gf ler —UU eyl <2[ej (1 - UU™) Iey|
<2|ejIe;| | I-UU"||
<2|ejIles| < 27N(N —1) < 27N?

for all f € [0,1]. Since |le; —UU"e f||§ is nonngetaive and its derivative is bounded above,

le; — UU*es]|3 cannot be too large if f_w‘//v le; — UU*ey]|3 df is very small.

: : >
W 0 /4 f
(a) (b)

Figure B.1: (a) Illustration of (B.4), where the area below the black curve is always larger
than or equal to the area of each red triangle; (b) Illustration of (B.5), where the area below
the black curve is always larger than or equal to the area indicated by red dashed lines.

2

||ef—UU*ef||
2

Suppose s < 2W. As illustrated in Figure B.1, for any f € [-W, W], we can

always find a triangle with area either

. 14
le; —UU ef“z

. 112
250D e -war) | lles — UU ey}
(the area of the left and right red triangles) or

w14
le; —UU ef“Q

N 2
SUp ey | les — UU el
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(the area of the middle red triangle) that is smaller than f_WW lles — UU*ef||§ df (the area

under the black curve). This is made more precise as

* 4 * 4
le; —~UU"ell, _ le; —UU ey,

w
* 2
= <[ les-UTesliar (Ba)

< —
28Uppei_ww) % ley —UU*e;||;

for all f € [-W, W]. Thus, we have

2 2
les —UUe;ll, _ lles —UUe]|,
lesl3 N

for all f € [-W,W].

w
< Qﬁ\//w les = UU"eg]l; df

2
—UuU*
On the other hand, suppose w > 2W. With similar argument, as illus-

trated in Figure B.1, for any f € [-W, W], we can always find a region of area at least
Wles— UU*ef||§ (the area indicated by red dashed lines) that is smaller than that is
smaller than ff‘(y e —UU*e;|> df (the area under the black curve). This is made more

precise as
w
* 2 * 2
vww—vvqms/|m~Uqu# (B.5)

-W

for all f € [-W, W]. Thus, we have

* 2
le; —UUe;||;

lesll3

< L /W||e —UU" ¢ df
_NW w ! fll2

for all f e [-W,W].
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APPENDIX C
PROOFS FOR CHAPTER 5

This appendix contains the proofs for Chapter 5.
C.1 Proof of Lemma 5.1

Let y € CV,y # 0 be an arbitrary vector. Then

(In(Bw(Zy ZIN (Bw(Zx(y)) [mlglm] =)

i
/N

i
S

J—
N N-1

= j27rfm— *3271’][" d —j2nfn 2d 0

/W(n;)e )(Ze ) If = /Wl y[nle 12df > 0,

where g is the complex-conjugate of the vector y, S0 y[n]e 7>/ is the DTFT of Z}(y),
and the last inequality is derived from the fact that compactly supported signals cannot have
perfectly flat magnitude response.

By Parsevel’s Theorem, we know flﬁz | SN y[n)e=727 7 2df = |jy||3. Therefore

(Tn (B (T () / | Z ylnle 2 2df < ||y 2
Thus, we have

0 = min (IVBw(Ti () y)
yeeh yl[3

for all ¢ € [N].

<20 < max N BuIx(Y)), y)

< <1
NS pee lyl[3

By noting that ZyBwZy is equivalent to By w, we have

N-1 N-1

A%)W = trace(Byw) = Z By .wn,n Z/ eI I0qf = N|W|.
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C.2 Proof of Theorem 5.1

First we state a useful inequality about the Frobenius norm of positive semi-definite
matrices. Suppose X € CV¥ and Y € CM*V are two arbitrary positive semi-definite

matrices. Then

| X + Y| = trace((X + )" (X +Y))

= || X3 + |[Y]|% + 2trace(X"Y)

> || X5 + 1Y ][
where the last inequality is derived from the fact that trace(X#Y') is nonnegative, which can
be showed as follows. By the hypothesis that X and Y are positive semi-definite matrices, we
have the factorization X# = X = X/2X 2 where X'/? is also a positive semi-definite ma-
trix.2’ Then we conclude that trace(XY) = trace(X'/2X/2Y") = trace( X /2Y X/2) > 0,
since X/2Y X1/2 is also a positive semi-definite matrix.

We next bound the Frobenius norm of By, by

w4 Y3 (e ) )

m#n

— ANW? +2 Nzl(N —n) (—Sin (2rWin) ) 2

™
n=1

N-1 2
sm(27rWn sin 27rWn)
= ANW}? + 2N —_— —2
=\ (sin (27W;n) sin 27TWn)
—ANW2 +oN (W, — ow? — L _9
i an (w3 (2 S

n=N
) , 1 [ 1 1 N11
> ANW? + 2N (W, —2W?2 — = —dz | — 2= “dr +1
w2 Jy_q @2 ™ \J; x
22N —1
= 2NW — pﬁ — —210g(N— 1),

2ONote that X has the eigen-decomposition X = VDV where V is an orthonormal matrix and D is a
diagonal matrix whose diagonal elements are non-negative, giving the square root X/?2 = V.DYV2VH,
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. 2 _
where the fourth line follows from Parseval’s theorem > 7 (M) = fz;, df = 2W;,

™

™

. T 0o sin(27W;n) 2 2
which indicates that )~ (—1> =W, —2W;.
Now applying the above results yields

J-1

|Bywlls = 11D B Byw, Ef |

1=0

J—1
|
=0
J—1
22N -1 2
INW; = S — S log(N — 1
22N —1 2
—NW]—J (ST SN — 1
Wi - g (5250 + S - 1)

where the second line follows since Et, By w, EJIJZI is positive semi-definite. Recalling the result

stated in Lemma 5.1 that Z N)W = trace(Byw) = N|W|, we get

N—

,_.

22N -1 2
)\ NW) = trace(Byw) — || Bywl||3 < J <P N1 + plog(N - 1)) :

=0

Thus, equation (5.2) follows by noting that for any € € (0, 3) one has

=z

-1

Mow(T=2Tw) > Y7 A=) > e —a)#{l e <Ay <1-¢}.
{Le<A(y<1-e}

~
I
o

C.3 Proof of Theorem 5.2

A precise proof of a similar result for time- and band-limiting operators in the continuous
domain was first given in [80]. Izu and Lakey [70] extend the result to multiple intervals
in the frequency domain or time domain. Their work forms the foundation of the following
analysis.

As we have noted, the two operators TnBwTy and ZyBwZy have the same eigenvalues.
We work with TyBw7Ty to prove Theorem 5.2. For convenience, we also use ASS?W, e )\E\JXV_VD

to denote the decreasing eigenvalues for the operator TyBwTy. We let S([IV]) denote the
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subspace of all finite-energy sequences supported only on the index set [N], that is

S(IN)) ={y :y € t(Z), Tn(y) =y}

First, for all integers ¢ € [IN], the Weyl-Courant minimax representation of the eigenvalues

can be stated as

ming, Maxyee,(z),y15, (T (Bur(Toy (w)w)

= (1)
W : T (Bw (T2 ,
W { maxsg,,, Milyeg,(z) yes, (T ( Wé!’;(y))) y)7
(T (Bw (T ()9

W) )

(T (B T (1)) ) (C.1)
(y,y) ’

Jou [0 12dF

B Iills, MaAXyeS(IN]),y LS, ~ 2

, S 50 12dF
Maxg, ,, MMyeS([N)),yeSit1 = [[yE

{ ming, MaXyes((N]),y LS,

maxg, ., MillyeS(IN]),yeSi41

where Sy is an (-dimensional subspace of (5(Z), and y(f) is the DTFT of the sequence y.
Noting that all the eigenvectors of TyBwTy belong to S([N]), we restrict to y € S([N]) in

the second line.

Lemma C.1. Consider the bandlimited sequence g € ly(Z) whose DTFT is given by

_ —j2enf| 5] 1
) = { VAR W2 ©2)

Then ||g||3 =1 and g[n] > \/%W for all n € [N].

Proof of Lemma C.1. . First it is easy to check that ||g||3 = [2 [9(f)|*df = 1. Then

computing the inverse DTFT directly yields

= —sine (P22 L) L o (nolE) ]
g V2N N 2 V2N N 9 |-

Let £(t) = sinc(t — 3) + sinc(t + 3). Taking the directive of £(t), we would find on [—1, 1]

212

that £(¢) achieves its minimum value of 1 at the points ¢ = 1. Therefore, g[n] > \/%Tv since
(N

“=z)| < 1 for all n € [N]. O
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C.3.1 Upper Bound

From equation (C.1), we know that

d
/\%)w = min max fw 90/l f
Se yes(Nwlse  |[yI3

Therefore, in order to bound the eigenvalues from above, it suffices to pick an appropriate
(-dimensional subspace Sy C ¢5(Z) and then find a uniform upper bound for the quantity
above for all time-limited sequences y € S([N]) orthogonal to S;.

Consider the bandlimited sequence g € ¢5(Z) defined in (C.2). Let &, : lo(Z) — (2(Z)
denote a modulating operator with &, (y)[n] := e?*™ony[n] for all n € Z and f, € [—1,1].
Set
N -1 n' 1 n 1

I <N_2N N+ﬁ)ﬂw7ﬁ®}

N
L+:{n’€Z:—L§j§n’§L

and hence ¢y = #L,. Let S,, be the v -dimensional subspace of ¢5(Z) spanned by the

functions £, g,n’ € L, that is,
N

S,, 1= span ({S%Q}n/€L+> .

If the time-limited sequence y € S([IN]) is orthogonal to S, , then

/ /

0= {ntge) = Gt — ) = (7+3) (&) = b o' € Lo

where g := ¢* is the complex-conjugate of the sequence g and g is the DTFT of g.

Now it follows that
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Yo g = )" g7

n’:fL%J n’ELg
n+1/2 ,

_ —Z_ 2
= 31 [, WA -

neLC

n/41/2 (C.3)
2 N~ g2

<> {1l [, ), waorar

neLS S

< /f G
— Jlyli2 - /f EGE

where LY is defined as LY = {n’ € Z : —|§] < n' < [83], n' ¢ L.}, the second

line holds because g is bandlimited to [— the third line follows from the Cauchy-

et
Schwarz inequality, and the fourth line holds because ||g||2 = 1 and by construction, the set
Unrer +[%’ — ﬁ, %, + ﬁ] covers the intervals W completely. On the other hand, let y © g
denote the pointwise product between y and g, that is (y ©g)[n] = y[n]g[n]. Note that y ©g
has the same support in time as y, namely [N], and {\/Lﬁe%, — &) <n < |22} forms an
orthobasis (normalized DFT basis) for CV. We can rewrite g,[n’] = e (y ©g), which can
N
be viewed as the DF'T of y ® g. Therefore, using Parseval’s theorem, we acquire
155+

_ 1
> lalnlP = Ny o3l = Sllvl
w=—|%]

since by hypothesis, g[n] > for all n € [N]. Now, combining the above lower bound on

the energy of the sequence g, and the upper bound in (C.3), we observe that

1 ~
SIE<IwlE - [ lwora.
few

and therefore,
Jw WP _ 1

N
ST S
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C.3.2 Lower Bound

In the other direction, consider the minimax representation

d
)\%)W = max min fW vt/ f
S yeSINDwesi Yl

In order to find a lower bound for the eigenvalues, it suffices to pick an appropriate (I 4 1)-
dimensional subspace S;;1 C f2(Z) and then find a uniform lower bound for the quantity
above for all time-limited sequences y € S([N]) inside S;41. With g as defined in (C.2), let
the time-limited sequence h € l5([N]) be such that h[n] = 1/g[n] for all n € [N]. We set

N —1 n' 1 1

Ly -awwtay) cWh

_={neZ:—|

and hence « = #L_. Let S,_ be the ¢ -dimensional subspace of ¢3(Z) spanned by the

functions &,-h,n’ € L_, that is,
N

S, := span ({Snﬁ/h}n/d_) )

Suppose y € S, (and hence y € ¢5([N])). Then we may write

y= > bwEwh

n'el_

for some coefficients b,,. Moreover,

Noting that { e, — 1 3] <n' < [55]} forms an orthobasis for CV, we obtain
N

N—
. b’ =Nlyoglls =N Z 2>

n'e€l_ n=0

=

il = Sliyl2
2

N —

S
Il
o
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since by definition, g[n| > lN for all n € [N]. On the other hand,

g

N—-1
b = Y glnlylnle 75" = (y, Eur g).

n=0

Now using the same procedure as in (C.3), one has

Do b= [y Exg)l

n'el_ n'el_
n/-‘]—\]l/Q n,
_ ~ ozt 2
= 1, G - D
n'el_ N
n'+1/2
N
<> (sl [, worar
n'el_ N

.
< /f P

where the last line holds since by construction, the set U,¢r, [”—/ 1

’ .
n — 5 &+ 5] is a subset of

the intervals W. Altogether, we then conclude that for any y € S, (and hence y € S([N])),

1 -
i< [ wore

And hence

Jrew [0(H)IPdf

ALl >
Y13

> 1
Nw = =5
C.4 Proof of Theorem 5.3

Proof of eigenvalues that cluster near zero

Since Byw = Y.,y E;.B nw, B[, according to [67] (see pp. 181), the following holds

<
_

L 4;
A < D AN,

Il
o

i
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for all ¢; € [N],i € [J] and £ = Y7} 1; € [N].

Fix € € (0, =

m — 1)- For each i € [J], let Ni(Wi,e), C3(W;,€) and Cy(Wi €) be the

constants specified in Lemma 2.1 with respect to W; and €. If we let
N1(W, ¢) = max {N,(W;,¢), Vic[J]},

then we have
Aol < Cs(Wi, €)™ @eN 1 1 > [aNWi(1 + €)],i € [J]

for all N > N (W, ¢). Hence, by choosing ¢; > [2NW;(1 +¢€)], V i € [J], we have

J-1
)\(Z) < Z Cg Wz, 6) C4 Wi E)N < C3(W 6) C4(W,6)N7

=0

forall N > Ny (W, e) and £ > 3. [2NW;(1+€)],where C3(W, €) = Jmax {C3(W;,¢), Vi € [J]}
and C4(W, €) = min {Cy(W;,€), Vi € [J]}.

e-pseudo eigenvalue and eigenvectors
Definition C.1. (s-pseudo eigenvalue and eigenvector [105]) Let X € CY*N be any matriz

and w € CN be any vector with unit ly-norm. Given € > 0, the number X € C and vector

u € CV are an e-pseudo eigenpair of X if the following condition is satisfied:
(X = ADulf; <e.

Lemma C.2. Suppose W s a fized finite union of J pairwise disjoint intervals as defined
in (2.6). Fize e (0,1). For each i € [J], let No(W;,¢€) be the constant specified in Lemma
2.1 with respect to W; and € and let No(W,¢) = max {Ng(VVi,e) VielJ]}. Then for all

0; <2NW;i(1 —¢),i € [J] and N > No(W, e), ()\NW, E;, s ) is an e-pseudo eigenpair of

InBwILi with € < 201 (W, €)e2WudN = or in detail

* l; E l;
In (B (Ti (Ep s\ ) = Ay, B 8y, + o,
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2 <20 (Wi, €)eC2WuON - Here

where o = Ty (Bun s, -ws gy (T (B 553,))) and [0l

WA [fi = Wi, fi + Wil = Ulfer — Wi, fi + Wi| means the set difference between W and
i

[fi = Wi, fi + Wi, and C1(W;,€) and Co(W;, €) are the constants specified in Lemma 2.1

corresponding to W; and € for all i € [J].

Proof of Lemma C.2. According to the definition of the operator ZyBwZx,

(zNww T (Bysiih,) ) I

N-1J-1

P — sm(27rWi/(m—n)) jor fin (L
Zeﬂ fu( ) el ngzzv, [n]
n=0 /=
N-1 J-1
O R O R D D ”)Sm(%(W m ) 1) asiin sy, ]
7, 1 m—"n
n=0 /=0,'#i

Tfim Z ez £3 61
=2\ s ] + I (Bun (g, wipswi) (T (B s ) [m].

In what follows, we will bound the energy of OEZ") = In(Bw\[f,—w;, fi+Wi] (I]’{,(Efls%zz,vl)))

as

o

3 = 11 Zn B wi e wa (T (Br s\ )13
< |1Bun o pew (Th (B sy W)
< ||B N foewa (I (Br s )13
— 1By —w pesw (Ta (B s )13
— 12N (Bisw, o (Tx (Br s S )13
<1-— ()\(8) ) <1-— (1 — (W, e)e —Ca(W; ,e)N)Q
= 20,(W;, e)e —Ca(Wi,e) — (C1(W;, e)e —Co(W; e)N)Q < 20, (Wi, 6)6702(W¢,6)N

for all £; < [2NWi(1 —¢€)],i € [J] and N > No(W,e¢). Here the second inequality in the

sixth line follows simply from Lemma 2.1 since No (W, e) > No(Wj,e). ]

Using this result, we now show the first &~ N|W| eigenvalues of ZyBwZy are close to 1.

Proof of eigenvalues that cluster near one
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The main idea is to guarantee that the sum of the first &~ N [W| eigenvalues is sufficiently
close N|W/|. Then we conclude that the first = N|W| eigenvalues cluster near one by applying
the fact that the eigenvalues are upper bounded by 1. First we state the following useful

results.

Lemma C.3. (/32] Lemma 5.1) Fiz e € (0,1). Let k; = |[2NW;(1 —¢€)], Vi € [J], and let
W be the dictionary as defined in (5.1). Then for any pair of distinct columns ¥, and ¥y in

W, we have

(1, 1a)] < 3/ Cu(W, E)G_GQ(EN/’E)N (C.4)
THW||. < 14 3N/C (W, e 22
f ) (W, ¢)

and

if N > No(W,€), where

CL(W, €) = max {C,(W;,¢), Vi€ [J]},Co(W, €) = min {Co(Wi, €), Vi€ [J]}.
Here ||WHW||y is the spectral norm (or largest singular value) of $HW.
Lemma C.4. (/67]) Let X € CN*¥ be a Hermitian matriz, and let \o(X ), A\ (X), ..., Av_1(X)

be its eigenvalues arranged in decreasing order. Then,

M(X)+FMX)+ ...+ N0 (X) = max trace(U” XU),

UeCNxr UHU=I,
where I, is the r x r identity matriz with 1 < r < N.

Based on this result, we propose the following generalized result concerning the sum of

the first r eigenvalues.

Lemma C.5. Let X € CN*N be a positive-semidefinite (PSD) matriz, and let \;(X),0 <
1 < N — 1 be its eigenvalues arranged in decreasing order. Then, for any matric M &

CNxr 1 <r < N, the following inequality holds
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Mo(X) + A (X)) + ...+ M1 (X) > trace(MP X M) /| MY M ||,.

Proof of Lemma C.5. Let og(M),...,0._1(M) denote the decreasing singular values of the
matrix M. Denote M = U,X, V. as the truncated SVD of M, where ¥, is an 7 x r
diagonal matrix with oo(M),...,o,_1(M) along its diagonal.

Now applying Lemma C.4, we obtain

r—1
D M(X) > trace(US XU,)
=0

> trace(, U XU, X,)/(0o(M))?
= trace(V, X, U XU, =, V") /| M" M|,
= trace(M” X M)/||M" M|,

where the first line follows directly from Lemma C.4, the second line is obtained because

UH XU, is PSD and hence its main diagonal elements are non-negative, and the third line

follows because Vi, is an orthobasis and (oo(M))? = || M M||». O

We are now ready to prove the main part. Fix e € (0,1). Let k; = |2NW;(1—¢)|,Vi € [J],

and let ¥ be the dictionary as defined in (5.1). We have
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J—143, [2NW; (1—€)

> Ww

=0

> trace (‘I/HBNW‘I’) / H\IIH‘Ile

IV

<

—1 [2NW;(1—¢€)|

1

((B580) " Zn (Bu (T (Br s D)) | /][ 2™,

1;,=0
J—1 [2NW;(1—¢)]
((Brsh) " (N Brsiin + o)) ) / e,
i=0 1;=0
(2N

qu

) | /e,

]

% )
(Z }22_N0W1(1 B (1_01(1/1/1.7 e-CWON _ /3 T e 2 >>

4; 4;
Q&%—n&>

(1 +3N\/Ch(W, e)e%“@‘w)

(z PRl <1—6‘1(W, e)e~C2(WAN _ /3. [ (W, e>e—52<§*””N)>

(1 3N/ CL(W, e)e—mﬁ‘m)

Co(W,e)
2 5 N

J+ D 2NWi(1 —€)] —3NC5(W,e)e”

Co(W,e)N
14 3NCs(W, e)e~ 2
<J + ZZ LQNVVi(l — €>J — 3NC5<W, €>6_%W@)N

) (1 — 3NC5(W, e)e‘éﬂw%w)

(1 + 3NC5(W, e)e‘w%w) <1 — 3NC5(W, 6)6—52(“’#)

O (W,e o (W,e 2
T+ S, 12NWi(1 — €)] — 6N2C5(W, e)e= 22N (3NC5(W, e)ef%fv)

2

- <3NC5(W e)e—‘w%w)

w]\/

>J+Z |2NW;(1 — €)| — 6N2C5(W, €)e

for all N > max{Ny(W,e), N'(W, €)}, where

4 4

N' (W, e) = max{( )2,

CQ(W, 6) CQ(W, 6)
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Co(W,e)N

is the constant such that 3NC5(W,e)e” 2 < 1 for all N > N’(W, ¢).2! Here the first
line follows directly from Lemma C.5, the second line follows because trace (\IIH B MW\II) =
trace <Z \IIH BywY; ) and By w is equivalent to ZyBwZy, the third line follows from
Lemma C.2, the fourth line follows from the Cauchy-Schwarz inequality which indicates that
(Eps\h,) o)

C.2 and C.3, the seventh line follows by setting Cs(W, €) = max{C} (W, ¢), 1/ C1(W, ¢)}, the

= ||o; |2, the fifth line follows from Lemmas 2.1,

ninth line follows because J + > . [2NW (1 —¢€)| < N, and the last line follows because by

Q(W )N

assumption 3NC5(W, €)e™ <1
By noting that 0 < A NW )\SS)W < 1 from Lemma 5.1, we acquire
J—143; [2NWi(1—¢) J—143; [2NW;i(1-¢)
¢ 4 «
ASV?W = Z /\gv%fv - Z )‘N,%?V
=0 0=0,0'#1

J—14+3 2N Wi (1—€)

> 3 Aot | - (J—1+ZL2NWZ-(1—6)J>

0'=0

Co(W,e)
2 3 N

>1—6NC5(W,e)e”

forall ¢ < J—14)>,[2NW;(1—e¢)], where the second line follows by setting /\%:%,V, ¢ #1tol.

Co(W,e) N

Fix W and e. It is always possible to find a constant N’ such that 3NC5(W,e)e” 2 <1
for all N > N’. Now, for convenience, we set C1(W,¢) = 6C5(W, €), Co(W, €) = 02(W EMW.9) and
No(W, €) = max{No(W, e), N'}. This completes the proof of Theorem 5.3.

C.5 Proof of Theorem 5.4

First denote the eigen-decomposition of By w as

H
Byw = UnwAnw UNW,

Co (\')\Vs )N 2

21This can be Verlﬁed as 3NC’5(W €)e” =3C5(W,e)e G e o) < 3C5(W,e)e~ <1 for
all N > max{ (g7 W 6)) e (W ) log(3C5(W,€))}. Here the first inequality follows because logN < s <

N = N1/2 =
2009 for all N > (

2
C2(W7€))
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where Ayw is an N x N diagonal matrix whose diagonal elements are the eigenvalues

Aﬁfw, Ag?w, . )\%\gg,l) and Uy w is a square (N x N) matrix defined by

0 1 N-1
Also let a = UJ{,I w¥ be the coefficients of 9 represented by Uy w.
Fix € € (0, min{1, ‘W‘ — 1}). Suppose 9 is a column of W, for some particular i € [J].

Now from Lemma C.2, we have
Bt = Ay 4 of
for some ¢; < |[2NW;(1 —€)].

Plugging the eigen-decomposition of the matrix Uy w into the above equation, we require

ANWa = )\%Wa+6(€)

D) (&)

where o, UN w0, . The elementary form of the above equation is

m Zz‘ ~ fi
Ay walm] = Ay alm] + 6\ [m]

for all m € [N].

Now we have

2

N-1 N-1 51@1') [m]
W-Peylf= > afmlf= Y L
m=3",[2NW;(1+¢)] m=%",[2NW;(14¢€)] ‘/\ Nw; — )\N,w‘
~(t;
- Z z [2NW;(1+¢€)] OE )[ ]
~ 2
(1 — C1(W, €)e=CoW.ON _ Ty(W, ¢)e~Cal W@N) (C.5)
3 lof"
~ 2
(1_Cl(w 6) CQ W,e)N Cg(W 6) —Cy( We)N)
< 20, (W, 6)6_02(W76)N

2
(1= Ci(W, )e=CalMON — Ty (W, e)eCulm)
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for all N > max{Ny(W,¢), N;(W, )}, where the second line follows by bounding the )\%2,[,
term using 1 — Cy(W;, e)e= WiV (which is not less than 1 — C\ (W, e)e CQ(W’E)N) from
Lemma 2.1 and bounding the A ]\7,” w terms using Theorem 5.3, and the fourth line follows

2 < 20, (W, )e~C2WulN < o0 (W, ¢)eCa(WeaN |

because Hoyi)
The following general result will help in extending (C.5) to an angle between the sub-

spaces.

Lemma C.6. Let Sy and Sy be the subspaces spanned by the columns of the matrices
U c CV* qnd V € CN*", respectively. Here r < q < N. Suppose each column of V is
normalized so that ||vel]a = 1 and is close to Sy such that for some 6y, ||v, — Pyogl|5 < 6
for all ¢ € [r]. Furthermore, suppose the columns of V' are approximately orthogonal to each

other such that for some 8y, [(vg, vp)| < 8o for all k # 1. Then we have

1 =061 — N (6 + V01
cos(Os, sy ) > \/ T ](\752 )

Proof of Lemma C.6. Any v € Sy can be written as a linear combination of v, in the form

v =) ,04v,. We first bound the ¢, norm of v by

r—1
ol = | Zae'velli
r—1 r—1

=Z|ae| o2 +3" S (avr, apon)

=0 k=0,k#l
r—1 r—1

§Z|aé\2+z > laellaxs,

£=0 k=0,k#l
r—1 r—1

Z|O‘ DY |au? +\04k|252

0=0 k=0,k+l

<Z M?) (14 (r—1)8) < (me) (1+ Néy),

| /\
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where the third line follows from the hypothesis that |(vg, ve)| < d9 for all k # [. Similarly,

r—1 r—1 r—1
[Povll3 = HZPU vy |\2—Z|Oée| 1Poocll3+) > (wPyvr, axPyoy)
=0 (=0 k=0 k£l
— r—1 r-—1
= Z e[ Povel3+ ) Y (awwr, ay (v — (v — Pywy)))
=0 (=0 k=0 k£l
r—1 r—1 r—1
>3 o (1 6) - ool ] (5 + /51
=0 (=0 k=0 k1

:@;MZ) (1—51 (r—1) (52+\/_)>z(:§:§|ag|2> (1—51—N(52+\/E)),

where the fourth line follows because (vy, vy — Pyvg) < ||vel|2|lvr — Pyvills < V0, and
|{(vg, ve)| < 6 for all k # 1.

Therefore, for any non-zero vector v € Sy we have

|Povl3 _ 1= 00— N (5 + V&)
Pl = 1tNe

]

Finally, (5.4) follows from Lemma C.6 by replacing U with ® and V with ¥, and

assigning 9; with the upper bound in (C.5) and d, with the upper bound in (C.4).
C.6 Proof of Theorem 5.5
For each i € [J], define W; = [Ef, Sy w,\/Anw, ]k, for some given k; € {1,2,...,N}. We
construct the scaled multiband modulated DPSS matrix ¥ by??
T=[T, T, - T, 4| (C.6)

The main idea is to bound HP\yu%?w

. In order to use this argument,
2

we first give out some useful results.

22Hogan and Lakey [64] considered the scaled and shifted Prolate Spheroidal Wave Fuctions (PSWF’s) and
provided conditions on a shift parameter such that the scaled and shifted PSWF’s form a frame or a Riesz
basis for the Paley-Wiener space.
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Lemma C.7. Suppose W is the matriz defined in (C.6) with some given k; € {1,2,..., N}, Vi €
[J]. Then
[wll, < 1.

Proof of Lemma C.7. Let y € CV. Then

g2 2k @ e \|
[ = 3 (BNt )
=0 ;=0
J—1k;—1
4 4 4 L;
=35 (u B NGt ) (B s
=0 1;=0
J—1ki—1
l; 4; L
=3 > Y Esih A (W) "By
=0 ;=0
J—1 N-—1
4; l; 4
< y Ep s Avin (s Bfly
=0 ;=0
J-1 J-1
= > Y By In(Bw (i (Ef'y)) = > (In(Bw,(Zy(Ef'y))), Ef'y)
i=0 =0
J-1 J-1

= 2 (Bu (T3 (Bf) T (Bfw)) = 3 1B G (B

Ji+W; 1/2
=Z/ = [ (Zﬂ[ﬂwmw f)) PR

where the fourth line follows because

i gz Ez E él
v BN o8 By = |\ () Bl

the fifth line follows because Z?f Y %%,V /\NW (s]f;%,v) x = In(Bw,(Zx(x))), and we use

K4

2
>0

Y

g(f) = S0 y[n]e 7™ as the DTFT of Zj(y) in the last three equations.
Noting that Y 7! Lif—w,wisp)(f) < 1for all f € [—3, 3] since we assume there is no

overlap between each interval [f; — W, W, + f;), we conclude

[y < [ e = i

—-1/2
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and
[®||, < 1.

]

Lemma C.8. For any k; € {1,2,...,N},i € [J], let ¥ and ¥ be the matrices defined in
(5.1) and (C.6) respectively. Then for any y € CN*!,

— —H
|1Peyllz = [|¥ ¥ yfs. (C.7)

Proof of Lemma C.8. Let ¥ = UgXg V4 be a reduced SVD of W, where both Ug and
Vg are orthonormal matrices of the proper dimension, and ¥Xg is a diagonal matrix whose

diagonal elements are the non-zero singular values of ¥. We have

[ "yl = U5 ULy,
< [|Ugyll:
= |[UsUgyl2
= || Payll2

where the second lines follows because |[¥||; < 1 and hence the diagonal elements g are
bounded above by 1, and the fourth line follows because each column in ¥ is in also ¥ and

hence || Pyyl|> = || Py yllo- 0

Now we turn to prove Theorem 5.5. By (C.7), we observe that

YA — —H € l l; VA
[Pal], > ¥ @ szEﬂst N (o) Bl
2
J—1 N—1
ez ZZ gz f
_ | Byl —S° 5™ Byl AL (560 )F Bl
1=0 ¢;=k; 2
J—1 N—1 J—1 N—1
4 L 4; I I 0;
> B~ 3 3 | BN o B 2 A 35 A
1=0 £;=k; =0 l;=k;
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C.7 Proof of Corollary 5.1

It follows from Theorem 5.5 that

J—1 N—-1
| Posdia], = 200 =2 2 A,
=0 ;=
. J—1 N-1
>1—C (W, e) N2 CWaN _ Cs(W;, €)e~CalWeN
i=0 l;=k;
o J—1 N-1 1 .
Z 1— 61 (W, €)N2€702(W’6)N — L—]Ug (W, 6)6704(W’€)N
1=0 l;=k;
>1—C (W, e)N2e C2(WON _ Ny (W, ¢)e CrWaN

for all N > max{Ny(W,e¢), N;(W, ¢)}, where the second line follows by bounding the
)\SV)W term using Theorem 5.3 and by bounding the )\ W terms using Lemma 2.1, and
the third line follows because C3(W,e) = Jmax {C3(Wj,¢€), Vi€ [J]} and Cy(W,e) =
min {Cy(W;, €), Vi€ [J]}.

Let ra(N, W, €) = C1(W, e) N2 C>WON L NCy (W, €)eC4(W:ON  Then ||u%?W—P\I,u%?W||§ <
2k (N, W, €) — k3(N,W,¢). Noting also that (u%)w,u%)‘w = 0 for all & # 1, (5.5) follows

directly from Lemma C.6.
C.8 DTFT of DPSS vectors

The results presented in this appendix are useful in Appendix C.9, where we analyze
the performance of the DPSS vectors for representing sampled pure tones inside the band
of interest. Let E%)W( f) denote the DTFT of the sequence TN(S%?W), ie., E{Ié)w( f) =
SN s%) [n]e=927/"_ Figure C.1 shows ?ﬁ)w(f) for all £ € [N] with N = 1024 and W =
We observe that the first ~ 2NW DPSS vectors have their spectrum mostly concentrated
n [—W,W], only a small fraction of DPSS vectors whose indices are near 2NW have a

relatively flat spectrum over [—1, %], and the remaining DPSS vectors have their spectrum

203
mostly concentrated outside of the band [—W, W]. This phenomenon is captured formally

in the asymptotic expressions for )\%?W and E{]\?W( f) from [118].
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Figure C.1: Illustration of "é{]\?w( f )‘ , or the energy in {e} captured by each DPSS vector.

The horizontal axis stands for the digital frequency f, which ranges over [—3, ], while the

22 5
4
0w ()]

vertical axis stands for the index ¢ € [N]. The ¢-th horizontal line shows 10log,,
Here N = 1024 and W = i.

Lemma C.9. ([118]) Fiz W € (0,3) and e € (0,1). Let a :=1— A =1— cos2alV.

1. For fixed ¢, as N — oo, we have
1= A ~ &/ (2v20)

and
esfa(f), W <|f| < arccos(A — N~3/2) /2,

csfs(f), arccos(A — N73/2)/2x < |f| <1/2.

Here
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s = (g!)f1/27T1/42(14€+15)/8Oé(21+3)/8N(2£+1)/4(\/5_'_ \/a)fN(Q _ ) (N—t=1/2)/2

)

_ (E')_I/Q 1/42(14e+15)/8a(2z+3)/8N(2e+1)/4(2 . a)—(e+1/2)/26—gN’
s = m1/2071/2 ~1/479 _ ]_1/4N1/205 _ O(N1/2)05,

2

Eﬁ

7 = log(1 + m),
fa(f) = Jo (\/ZJ\Q—a A—cos(27rf)> ,
() = cos (5 arcsin (0(f)) + 3(1 + 3) arcsin (¢(f)) + (I — N) 5 + ) |
((A = cos (2 f))(1 — cos (2 f)))M*
9<f):oz+2008(27rf), S(f) = (2 —3a) — (2 + ) cos (27 f)

2—«

(2—a)(1—cos(2nf))
where Jy is the Bessel function of the first kind.

2. As N — oo and with £ = [2NW (1 —€)] for any € € (0, €|, we have
1Ay ~ 27Ly ' d2

and

dugs(f), W <|f] <arccos(A— N71)/2m,
degs(f), arccos(A— N7 /2m <|f| < 1/2.

Here

= (L)~ 1/2 1/221/2 ~CLa/d,=NLs/2,

= (L)~ /2, ) 1/4,~CLa/4 —NL3/2N1/2

(N\/l — (cos(2mf) — )
1/2 / B — cos(2rt)
gs(f) = ) cos <7TN/ A= cos(onl)

1/2

0
2 roV/(B- cos(27rt)) (A — cos(2mt)) i >7
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R(f) =|(B — cos(2nf)) (A — cos(2rf))|~"/*,

C=2L mod (ng +(2+ (1)) %,m) ,

T N C
0= mod (Z - EL5 - ZLﬁ,Qﬂ') s

L= POV, Lo = /B Q(e)de, Ly = / " Pe)de, L= /A " Q(e)de

A

A
L5 = / P(g)dga Lﬁ == L27
-1

1/2

¢§¢—B o [—1/2
P = =1(&-—B)(&E—A)(1—
Q) '(g_A)(1_52) QO =-B) -4 -)",
where B is determined so that f; %dﬁ = #W and mod (y,2m) returns the

remainder after division of y by 2.

C.9 Proof of Theorem 5.6

Noting that Sy forms an orthobasis for C¥*¥ | the main idea is to show that the DPSS

(2NW(1+e)) _(2NW(1+e)+1) (N-1) . :
vectors Sy s SN.W ,---» Sy have their spectrum most concentrated outside

of the band [—W, W].

Since the sequence SE\?W is exactly bandlimited to the frequency range |f| < W, we

know that its DTFT E(Zi)w(f) =y s%)w[n]eﬂ”f” vanishes for all W < |f| < 3. By

noting that the first & 2NW DPSS’s are also approximately time-limited to the index range
)

n=20,1,..., N—1, we may expect that E{]\L;’W(f) = 271:7:—01 s%?w [n]e?™/™ is also approximately
0 for all W < |f] < 5 and £ < 2NW(1 — ¢€). This illustrates informally why the DTFT of
the first &~ 2NW DPSS vectors is concentrated inside the band [—-W, W]. By employing the

antisymmetric property [118] which states that |§§$)W( )l = ]é{]\]lv 1—1;‘/@)(% — f)|, we then have
k) ’57

that the DPSS vectors s%‘fvw(lﬁ)), sﬁfng(”@“), ...,s%\;,l) are almost orthogonal to any

sinusoid with frequency inside the band [—W, W].
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Recall that §§$)W( f) is the DTFT of the sequence TN(S%?W). We have

2 l
(s\Wwer) = 8w (),

for all ¢ € [N]. As we have observed in Figure C.1, the spectrum of the first ~ 2N DPSS
vectors is approximately concentrated on the frequency interval [—W, W]. This behavior is

captured formally in the following results.

Corollary C.1. Let A = cos2rW. For fited W € (0,3) and € € (O,min(ﬁ —1,1)), there

exists a constant Cg(W,€) (which may depend on W and €) such that
B0, (F) < o, OV 2N < ] < 172

for all N > No(W,e) and ¢ < 2NW(1 —¢€). Here Cy(W,€) and No(N,€) are constants

specified in Lemma 2.1.

Proof of Corollary C.1. The main approach is to bound E{]@W(f), W < |f| <1/2 with the

expressions presented in Lemma C.9. Suppose € € (0, 1) is fixed.

e For fixed ¢ and large N:

In order to quantify the decay rate of |.§{]§)W( f)|, we exploit some results concerning of

f4(f) from [100] and f5(f) as follows:
|Jo(z)] <1, V2 >0, (C.8)

and for any %;N_m) < |f] £ 1/2, one may verify that

1
3 S 1/4
O s e = @)
< 1 1/4
(A= (A= N-92)) (1 = (A= N-372)))
< L = N3/4a

(N=3/2))(N=2r2)))

195



where the last line follows because 1 — A > 0.

Recall that 3 = 71/22-1/2071/4 (2 — ) ™% NV/2¢5 and ¢5 ~ \/2\/ 20 (1 — NW) Plug-
ging these into Lemma C.9 and utilizing Lemma 2.1, we get the exponential decay of

/
B (O 1] = W as

Cé(W, G)Nl/Qe—%N7 W < |f| < arccos (A _ N—3/2) /2m,

¢
B () < .
CL(W,e)N3/4e= 2N arccos (A — N=%/2) [2n < |f] < 1/2,
for fixed £ and N > Ny(W,€). Here CL(W, ¢) = n'/221/4 (2 ML W e), CL(W,e)

(2v/2aC, (W, €))/2 and No(W,€), C1(W, ¢) and Co(W,¢) are constants as specified in
Lemma 2.1.
For large N and ¢ = [2NW (1 —¢€)], V € € (0, ¢€]:

Note that f s Wdf is a decreasing function of B and f ) %dﬁ =

2Wr > Nﬂ'. Hence 1 > B > A. Now we have

196(/) < [R(f)] <

(A— cos(27rf))1/2 = (A—(A— N—l))1/2 =

for all arccos(A — N7 1) /2 < |f| < 1/2.

Recall that |gs(f)] <= 1 from (C.8), dy = 7/2(1 — A%)~V/1271Y2N1/2d; and dg ~

)
I-ANw

2

. Plugging these into Lemma C.9 and utilizing the bound on A¢ )W in Lemma 2.1,

we get the exponential decay of ]sN,W(f)|, |f| > W as
Cr(w, e)Nl/Qe’%N, W < |f| < arccos|[A — N1 /2m,

CY (W, e)Nl/Qe_%N, arccos[A — N71 /27 <|f] <1/2,

for all £ = |2NW(1 — €)], V € € (0,¢] and N > No(W,e). Here C{(W,e) =
Ci(W,e)/2m, CE(W,e) = 2711 — A%)~Y4,/C (W, ¢), and Ny(W,e€), C1(W,¢) and

Cy(W,€) are constants as specified in Lemma 2.1.
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Set

Cs(W, €) = max {C7(W, €), Cx(W, ), C7 (W, €), C5 (W, €)}
1/4
= max {71'1/2 ( 2 ) ,2_1(1—142)_1/4} Ci(W, e).

2—«

This completes the proof of Corollary C.1. m

Lemma C.10. (/118]) For fived W € (0,%) and € € (0, 55 — 1), 3%, (f) and 307" 0 (f)
, 1

satisfy

for all £ > 2NW (1 +¢).

Now we can conclude that (ey, s%?w> decays exponentially in N for all £ > 2NW (1 + ¢)

and |f| < W by combining the above results.

Corollary C.2. Fiz W € (0,3) ande € (0, 537 —1). Let W/ =3 —W and € = %KVWG. Then

_Cyw',e)
(e, siw)| = 18w (1) < Co(W',)N*em 7N | fl < W
for all N > No(W' €') and all ¢ > 2NW (1+4¢€). Here, Co(W', €") and No(W’,€') are constants
specified in Lemma 2.1 with respect to W’ and €', and Cs(W',€') is the constant specified in

Corollary C.1 with respect to W' and €.

Proof of Corollary C.2. Let ¢/ = N — 1 — (. For all £ > 2NW (1 + €), we have

1
C=N-1-0<N—2NW(l+e) =2N(5 ~W)(1 - WW

€).

1
2

Let W =41 — W and € = iwe € (0,1). It follows from from Corollary C.1 and Lemma

S

C.10 that

¢ o _CyW',e)
(e, 88wl = ller s, siiv)| < Ca(W/, )Nt 7N 1y [ f] < W
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for all N > No(W', €). O

Recall that Cs(W’, €') = max {7r1/2 (%)1/4 ;2711 - A2)*1/4} VOL(W' €), A = cos(2rWV)
and o = 1 — A. As W gets closer to 0 or 3, the variable (1 — A%)~'/* becomes larger, and
we have (1 — A%)~/* = 1//27W as W — 0. Also we have (%)1/4 — 1/V/7TW as W — 0.
Therefore, for any non-negligible bandwidth which is the main assumption in this paper, the
variable max {71'1/2 (%)1/4 2741 — A2)_1/4} C1 (W’ €') would not be too large.

Now, for fixed W € (0, 3) and € € (0, 737 — 1), we have
N-1
¢
les = Psyuesli = > Iep sl
I=2NW (1+¢)
N-1
< Cg(W/, 6/)]\73/26702(W/,<5’)N
I=2NW (14-)
S Cg(W/, 6/)]\/'5/26—02(I/V/,e/)]V

for all |f| < W and N > No(W’,€), where Co(W',€') = CZ(W',€).
C.10 Proof of Corollary 5.2

Suppose f € [fi — W, fi + W;] for some particular ¢ € [J]. Denote by

Clo(W, 6) = maX{Cg(‘/Vi/, 6/),V’i € [J]}, Cn(W, E) = min{Cg(VVi’, 6/),V’i € [J]}
It follows from Theorem 5.6 that

les — Puey|l3 < |les — Plu; sy w lovw,0r0 €713

- ||ef_fi - 'P[SN,Wi}QNWi(lJre)ef_fi“g
S Cg(m/’ €/)]\]’5/26702(I/V,L-/,E’)]V S ClO(W, E)NE)/Q@*CH(W,E)N

for all N > No(W/,€'). We complete the proof by setting No(W, ) = max{No(W/,¢),Vi €
1}

C.11 Proof of Theorem 5.7

We first present the following useful result from [32].
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Theorem C.1. (/32] Theorem 4.2) Suppose x is a continuous, zero-mean, wide sense sta-
tionary random process with power spectrum

1 Ban Ban
Pm(F): Bband7 FE[FC_ b2d7FC+ b2 d]

0, otherwise.

)

Let © = [2(0) z(T,) ... x((N — D)T,)]" € CV denote a finite vector of samples acquired
from x(t) with a sampling interval of Ty < 1/(2max{|F. & Beasd|}). Let f. = F.T, and
W = %. We will have

fetW
Bl Poal) = 5 [ les — Paelidr = QWZA

Furthermore, for fized € € (0 1), set k =2NW(1+¢€). Then

’2W

C3(W, €)
2W

for all N > N1 (W,e¢), where Ny(W,¢), C5(W,¢), Cy(W,€) are constants specified in Lemma

E [|le — Poal|l}] < NemCilWoN (C.9)

2.1. For comparison, E[||z|3] = ||es||3 =N
Since xg, x1,...,x _1 are independent and zero-mean, we have
N-1 N-1
2 2 —TT
Eflzl}] = Y Eflenl] =Y Y E|an]
n=0 n=0 0<i,i'<J—1
N-1J-1 Il
2
=Y > Elzinf] = sz = N.

o

1=0 i=0

3

Applying Theorem C.1, we acquire

E

xr
EfiSNvWi]ki 2

Note that the power spectrum P, (F') assumed in (5.7) results in the constant |W| instead of

1
2W; "
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Now, we have

2

J—1
Z (% - P\IJ%)
i=0 i= i=0

=K <,_ (x; — P\me)H) Z_: (x; — P\Ilmz)>]

=0

[117-1 J-1 2
E ||z — Pyz|;] =E z;— Py _m)| | =E
0 2 2

J-1 J—-1

=E ||mz P\I’$z||2+z — Pyx; H(ivz" _P\Pmi’)]

i= =0 /= Oz’;éz

=JZE[||% Punll] 4> Y E[(z: — Pazy) (2 — Pywy)|

1=0 i/=0,i'#1i
J
= E[HCL‘Z P\I;CIZZ” +Z Z E [zzy — x]' Pyx;|
=0 1=0 ¢/=0,i'#i
J—1 )
=Y B la ~ Pail <ZE[ - Plo, s,
i=0 =0
J—1 N-1
1 ¢
= 2 2
i=0 I=k;

where the equality in the sixth line follows because E [z x;] = (E [z:]))" (E[x;]) = 0 and
E [zl Pyx;] = (E [z:])" (E[Pya;]) = 0 for all #/,i € [J],i’ # i, and the inequality in the
sixth line follows because the column space of [Ef, Sy w, ]k, is inside the column space of ¥

for all i € [J].
C.12 Proof of Corollary 5.3

It is useful to express the sampled bandpass signal @ as

m:/wf(f)efdf, (C.10)

where we recall that z(f) denotes the DTFT of x[n], which is the infinite-length sequence
that one obtains by uniformly sampling x(¢) with sampling rate T5.

Now it follows from (C.10) that
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2
2

o~ Paall=| [ jesar - [ 7(Pues

2

= || [ #0tes - Paenar

2

< [ EPa [ ler - Pue s
< [ FOPdr - Cro(W, goe-enom,
W

where the third line follows from the Cauchy-Schwarz inequality and the last line follows
from (5.6) and the fact that [ |le; — Pyes||3df < [W|sup ey [|ef — Pyes||5 < supsey [lef —

Pyeylf;.
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APPENDIX D
PROOFS FOR CHAPTER 6

This appendix contains the proofs for Chapter 6. Let essR (-) be the essential range of

a function. For any © C R, let int (2) be the interior of the set €.

D.1 Proof of Theorem 6.2

We first provide a strong condition under which the equal distribution of two sequences

is equivalent to individual asymptotic equivalence. Its proof is deferred to Appendix D.6.

Theorem D.1. Assume that the sequences {{un;}ien} =1 and {{vn, e} -1 are abso-
lutely bounded , i.e., there exist o',V such that b’ > uno > uny > -+ > uyn—1 > d and
b > wunog > Ny > - > oynog > d for all N € N. Furthermore, suppose there ezists a
non-constant continuous function g(x) : [¢,d] — R such that

lim uyp = lim vyo = max g(z),
N—oo N—o0 z€[c,d]

lim uyy-1 = lim vy y_; = min g(z),
N—oo N—oo z€[c,d]

and

d

Yg(x))dr < oo

1= 1
a7 2 Huwa) = 5

for every function 9 that is continuous on [a,b], where [a,b] is the smallest interval that

covers [a',b'] and the range of g(x). Then the following are equivalent:

N-1
) 1
Jim Z; (P(uny) —Fowg)) = 05 (D.1)
lim max ]uNJ — UNJ‘ =0. (DQ)
N—o0 I€[N]
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If %( f) = C is a constant function, then Hy and Cy are diagonal matrices with all
diagonals being C for all Cy € {éN, C'N,av} and N € N. Thus N (Hy) = A (Cy) = C
for all [ € [N] and Cy € {éN, CA'N,éN}. The following result establishes the range of the

eigenvalues of C'y and Hy for the case when ﬁ( f) is not a constant function.
Lemma D.1. Suppose that h € L>=([0,1]) and h is not a constant function. Also let \,(Cy)
be permuted such that \y)(Cn) > Apy(Cn) > - > Ayv—1)(Cn). Then

essinfh < Ay_1(Hy) < Apn—1)(Cw)

and

Ap(0) (Cy) < Mo(Hpy) < ess sup}NL

Proof of Lemma D.1. We first rewrite )\ (6]\;) as

—j27wln

((N —n)h[—n] +nh[N —n])e"~

(v e 7o)

= ——e N, ——E€ .

N\/N /N N I/N

By definition, A\o(Hy) = max|y|,=1(Hyv,v) and Ay_i(Hy) = minjy|,=1(Hyv,v), we

obtain

Av-1(Hy) < M(Cn) < Xo(Hy), V1.

For arbitrary v € CV,||v||s = 1, we extend v to an infinite sequence v[n|,n € Z by zero-

padding. Then
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(Hyv,v) = v*[m] hlm — n]v[n]
= Z v*[m] Z him — n]v[n]
= [ [B(NPR()df

0

where v(f) = 271;7;01 v[n]e??™ ™ If h(f) is not a constant function of [0, 1], we conclude

~ 1 ~
essinf h :/ 1B(f)|? df - essinf h < (Hyv,v)
0
1 ~ ~
</ 15(f)]? df - esssup h = esssup h.
0
[

Theorem 6.2 holds trivially when TL( f) is a constant function since for this case Hy and
Cy have the same eigenvalues for all Cy € {CNZ'N, CAZ'N,EN} and N € N. In what follows,
we suppose E( f) is not a constant function. The assumption of absolute summability of the
sequence h[k] indicates that its DTFT ﬁ( f) is continuous on [0, 1], and moreover, its partial
Fourier sum Sy (f) converges uniformly to &(f) on [0,1] as N — oo [77]. Thus, given € > 0,

there exists Ny € N such that

h(f) = Sn-a(f)| <€

for all f € [0,1] and N > N,. The Cesaro sum oy (f) also converges to h(f) uniformly on
[0,1] as N — oo.

Since the eigenvalues of éN and éN are, respectively, the samples of Sy_1(f) and
S By (f), we conclude that Cy and Cy are absolutely bounded. Lemma D.1 implies
that Cy and Hy are also absolutely bounded.

We next show limy_,o max; \; (Cn) = maxgep 1) h(f) for all Cy € {é'N, CA'N,éN}. The

extreme value theorem states that i (f) must attain a maximum and a minimum each at
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least once since h(f) € R is continuous on [0,1]. Let

f:: arg max%(f)
!

denote any point at which h achieves its maximum value. Also let

TN = arg min
le[N]

~ 1
]

denote any closest on-grid point to f For arbitrary € > 0, by uniform convergence, there

~ {1y
a1 (5)

v — f’ < 5 and I is continuous on [0, 1], there exists Ny € N

exists Ny such that

<e€

for all N > N,. Noting that

so that

when N > N;. Thus we conclude

M, (Cn) = (f) ) < 2
for all N > max { Ny, N1}. Since € is arbitrary,
Jim max A (Cy) = max h(f)

for all Cy € {éN,C/Z\'N,UN}. Noting that )\ (61\;) < M(Hy) < maxfe[ovl}%(f), we obtain

lim max )\ (Hy) = max h(f).

Nooo 1 fel0,1]
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The asymptotic argument for the smallest eigenvalues can be obtained with a similar ap-
proach. It follows from Lemma 6.1 that Hy ~ é’N ~ é’N ~ Cy and from Szegd’s theo-

rem (2.23) that

i, > () = [ o)

Nooco N

Finally, the proof of Theorem 6.2 is completed by applying Theorem D.1 with g = h.
D.2 Proof of Theorem 6.3

We first outline the main idea. Let [Hy|x_, be the (N —r) x (N — r) matrix obtained
by deleting the last  columns and the last r rows of H . Similar notation holds for [éN] Nep-
Note that [H|y_, and [C~’N] ~—r have the same eigenvalues when N > 2r since [H|y_, is
exactly the same as [6']\/] N_r. Also (AZ'N is equivalent to CNZ'N when N > 2r. We first apply the
Sturmian separation theorem for the Toeplitz and circulant matrices to obtain a bound on
the distance between \;(Hy) and )\p(l)(C~'N). We then utilize the fact that h(f) is Lipschitz
continuous to guarantee the closeness between Al(éN) and /\l+r(éN)~ Finally, we show
)\l(éN) is close to \;(Cy) since the Cesaro sum and partial Fourier sum converge to the
same function in this case.

In order to prove Theorem 6.3, we establish the following useful results.

Lemma D.2. Let ug,uy,...,uny_1 € R be an unordered sequence of N elements. We
decreasingly arrange this sequence so that u,g) > upn) = -+ = uyn—1). Then for any

red{l,2...,N — 1}, we have

max maxX Uy — Uy(j+r) < Max max (U} — Uppqr| .
1<r/<r le[N—r'—1] o) pr) 1<r/<r le[N—r’—1]| +r

Proof of Lemma D.2. The proof is straightforward for the case r = 1. If the sequence is
constant, then

max U, — Uyg+1) = max |u; — 1| = 0.
le[N—g PO T e le[N—2]| +l
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Suppose the sequence is not constant, i.e., there exist at least ly,ls € [N] so that u;, # uy,.
Let

I' = arg max u,q) — Up(+1)
le[N-2]

denote any point at which w,;) —u,+1) achieves its maximum. Search the sequence {w} 1E[N]

to find wy that is smaller than w,q) and its index [" is closest to p(I’). Thus

max { |y — wpria |, [wpr — wpr |} > (LBAX, Up)) — Up(i1):

Suppose r > 2. Similarly, the proof for a constant sequence is obvious. Suppose the
sequence is not constant. Let

I'.7'} =arg max max u,; —u ".
{ ) } ngr”ﬁrle[Nfr”fl} p(1) p(l+r")

If there are several pairs {l’,7'} have the same values, we choose the one that 7’ has the
smallest value. If ' = 1, the proof is similar to the case r = 1. We suppose r’ > 2. Thus
there exist at least 7’ elements that are smaller than wu,y and only " — 1 elements that are
greater than u, 4, and smaller than u,,. Search the sequence {ul}le[N] to find w;s that
is smaller than wu,y and its index (" is the r’-th closest to p(I'). Without loss of generality,
suppose I" < p(I").

If wyr < Up( 40y, we have

max |Upr — Upr | 2 Up(rry — Up(p 4ot
V< St | +r | p(l) p(I'+r")

since there is at least one element in {u;,l” +1 <1 <"+ r'} that is greater than or equal
to upyany-

If wpr > upr 400y, there exists " < 1" < 2p(I') — 1" such that wy» is smaller than or equal
to u,w+,) (otherwise, there are 1" elements that are greater than w4, and smaller than

upy). Also near wy», there must exist at least one element that is not smaller than .
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Then

max max Wirrr — U " Wirrr — Wit .1t > U1y — Un(]! 7.
i {| l " +r |7| 1 1 r |} = Up(l") p(U'+r")

This completes the proof. O

In words, the largest error between the contiguous elements of a sequence is not magnified
when the sequence is rearranged in decreasing (or increasing) order.
The following result establishes that the largest error between two sequences is not mag-

nified when both of the sequences are rearranged in decreasing (or increasing) order.

Lemma D.3. Let ug,...,uny_1 € R and vy, ..., vny_1 € R be two unordered sequences of N
elements. We decreasingly arrange these sequences so that uyoy = Up1y = -+ - Upn—1) and
Up(0) = Up(1) =+ Up(n-1)- Then

max Uy — vV < max |u; — vl .
e Jup) —vp| < max fur — vl

Proof of Lemma D.3. Let

r’ = arg max ‘up(r) — Vp(r)
re[N—1]

denote any point at which |u,;) — vp(r)‘ achieves its maximum and let !’ be the index of
up(ry- Without loss of generality, we suppose wu,y > vyv). If vp < vy, we have uy —vp >
Up(ry — Vp(ry. Otherwise suppose vy > vy, which implies 7 > 1. Since there are only 7’
elements in {w},c(y| that are greater than u,) and 7’ elements in {v;},.y, that are greater

than v,(, there must exist [” such that w;» > u,, and vy < v,y Hence
Upr — Vpr 2 Up(rr) = Up(r!)-
]

Lemma D.4. [67, Sturmian separation theorem| Let Ay be an N x N Hermitian matriz and

let [An]n—1 be the (N — 1) x (N — 1) matriz obtained by deleting the last column and the last
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row Of AN. AZSO let )\0(AN) Z R Z )\N—1<AN) and AO([AN]N—I) Z s Z /\N_Q([AN]N_l)

respectively denote the descending eigenvalues of Ay and [Ayx|n—1. Then

MN(AN) 2 N([An]n-1) = N1 (An)
forall0 <1< N —2.

The above Sturmian separation theorem forms the foundation of the following analysis.
We note that Zizler et.al. [150] utilized the Sturmian separation theorem to prove a refinement

of Szegd’s asymptotic formula in terms of the number of eigenvalues inside a given interval.

Now we are well equipped to prove Theorem 6.3. In what follows, we consider N > 2r.
Note that in this case C v is equivalent to C ~ and the eigenvalues of C ~ are the DFT samples
of Sy_1(f) = h(f) = S25__, h[k]e?> 7% Recall that [Hy]n_, is the (N — ) x (N — r) matrix
obtained by deleting the last r columns and the last r rows of Hy. Similar notation holds
for [éN] Nep-

Note that [H]y_, is exactly the same as [CV’N] ~N—r as they have the same elements when
N > 2r. Thus [H]y_, and [Cy]y_, have the same eigenvalues. Let A ([Cyn]n_,) be permuted

such that

Mo [CNIv—r) =+ > Apver1) ([Cn )

We first consider the simple case when r = 1. It follows from the Sturmian separation

theorem that
M(Hy) > M([Hy]v-1) > N1 (Hy),

)\p(l)(éN) > )\p(Z)([éN]NA) > >\p(l+1)(éN)

for all 0 <! < N — 2. This implies the following relationship between \;(Hy) and )\p(l)(é N)

N(Hy) <N ([Hy]nv-1) = )\p(l—l)([éN]N—l) < Aa-)(Cn), VI=1,2,...,N — 1,

! - (D.3)
MN(Hy) 2N([Hylv-1) = A0 ([Cn]v-1) = A1) (Cn), VI=10,1,...,N =2
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which give

N () — M\ (6N> ] — max {Al (Hy) — Aoy (éN) ) (5N) Y (HN)}

< max {Apa—n (5N> 0 (5N> s Ao(l) (5N> — Ap(i+1) (5N)}

forall 1 <1< N — 2. Applying Lemma D.2 with » = 1, we obtain

max ‘)\l (Hn) — A\ (CNZ’N>‘ < max Ay (CNZ’N> — Ap(41) (CNZ’N>

1<I<KN-—2 T 0<I<N-2
A (C) = A (€]

Note that E( f) is Lipschitz continuous since it is continuously differentiable. There exists a

< max
0<I<KN-—2

Lipschitz constant K such that, for all f; and f; in [0, 1],

E(fl) —%(fz) < K|fi— fof.

From the fact that the eigenvalues of Cy are the DFT samples of h(f), i.e., \; (5N> = h(%),

it follows that

max )\l (HN> — /\p(l) <6’N>‘ < max

A (6N> s (éN ‘

1<IKN—2 T 0<IKN-—2 (D.4)
~ 1 ~1l+1 1 )
< —) — h(—))| < K—.
OSIZ%%\:;(—Q h(N) h( N )’ - KN

Utilizing the fact that Ao(Hy) < maxseoq h(f) and Ay y(Hy) > mingegy h(f) (see

Lemma D.1) and applying (D.3) with [ = 0 which gives
Mo (Hy) 2 Ao (51\/) ;
we have

o (Hx) — M\yo) ((JN) ‘ — max {AO (Hy) — Moy (CN> Ao (5N> ~ (HN)}

< max { max A(f) — Ayo) (5N> » Ap(0) (5N> = A1) <5N> }

f€lo,1]

<K—
= N7
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where the second inequality follows because )\, (6’ N) are uniform samples of 7L( f) with grid

size % Similarly, we have

‘)\N—l (Hyn) — Apv-1) (6N>‘

= Inax {)\p(N—l) (6'1\/) — AN-1 (HN) S AN-1 (HN) - )\p(N—l) (éN)}
< max { ooy (€)= uin ) Ay (o) = A (G |
<xl

Along with (D.4), we conclude

~ 1
max )\l (HN) — )‘p(l) (CN>’ S KN

0<I<N-—1

Now we consider the case r > 1. Repeatedly applying the Sturmian separation theorem

r times yields

N(Hy) > N((Hy]n=r) > Nigr(Hy),
A (Cn) = Aoy ([Crlv—r) = Apair) (C)

for all 0 <1 < N —r — 1. Noting that [Hy]|y_, is the same as [éN]N_T, we have

N(Hy) <N ([Hy)v—) = Men ([CxIv—r) < Apr)(Cx), Y =17 +1,...,N — 1,
)\Z(HN) Z)\l([HN]N—T’) - )\p(l)([CN]N—T‘) Z )\p(l+r)(éN)7 Vi= 07 17 R N—-r—1

which give
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max ‘)\l (Hy) — A\ <CNZ’N>‘

r<I<N-r—1

= max maxN (Hy)— Ay (6’1\/) s Ap(l) <CN> -\ (HN)}

r<I<N—r—1 {
< s (s (63) 0 (64 2 (64) e (64))
(

<  max Ay 5N> — Ap(i4r) (5N>

T 0<IKN-r—1

< max max )\l (6N> — )\lJrr/ (5N>’
1<r'<r 0<IKN-—r'—1
r
S Kﬁa

where the third inequality follows from Lemma D.2. Since

Mo (Hy) < -+ < Mg(Hy) < max h(f),
J€[o,1]

we bound

A (Hy) = Ay (CNZ'N> ’ ,7" < r — 1 by considering the following two cases: if
Ap(r) (6’N) < A\ (Hy), we have

~ ~ ~ r
A (Hy) = Ay (Civ) < mas B(f) = Ao (Cn) < K1

if Ay (Cv) > A (HL), we have

Ap(r!) <6N> — A (Hy) <Ay (51\7) — Ap(r'47) (6N>
< mas _mos, N (Cx) = A (G

r
<K—
- N

where the second line follows because Ay (Hy) > Ay <6N> and the third line follows

from Lemma D.2. Thus we have

for all 0 < 7/ <r — 1. Similarly,
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’/\N—r’ (Hy) — Apv—m) <6N> ‘

< max {)\p(Nr’) <6N> - ffél[(iﬁ]ﬁ(f)a Ap(N—r'—r) <C~7N> — Ap(N—r") <C~7N>}
< max{K%,K%} - K%,

for all 1 < v/ < r. Therefore,

e ) (60)] < K
for all N > 2r.
Note that S,1(f) = Sr4a(f) = -+ = Sy_1(f) which gives
N-—1 Sn 7“7 Sn o
on(f) = ZnON U) = Zn(}\[ ) + al ]\7’[ 1Sr+1(f)‘
Thus
T Sn
() = Sy-a( )| = | Zen 0 L )

S50 - (4 )00 5

1
=0(%)
uniformly on [0, 1] as N — co. Therefore,

oLy - smi)] _o(2)

max [N(Cy) — )\l(éN)‘ = ,Jnax N N N

0<I<N-1 0<I<N—1

as N — oo. Finally,
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max |A,0)(Cn) — \(Hy)|

0<I<N—-1
= Jhax | M) (Cn) = Ay (Cn) + Aoy (Cv) — Az(HN)‘
< dnax \A(Cw) - Apa>(CN)‘ + dnax A0 (Cn) — Az(HN)‘

S max )\1(61\7) — )\l(éN)‘ +  max
0<I<KN-1 0<IKN-1

)\p(l)(éN> - )\Z<HN)‘
1
= O(—
()
as N — oo, where the second inequality follows from Lemma D.3.
D.3 Proof of Theorem 6.4

We first provide another condition (which, informally speaking, is weaker than that in
Theorem D.1) under which the equal distribution of two sequences implies individual asymp-

totic equivalence. Its proof is deferred to Appendix D.7.

Theorem D.2. Assume that b > uyo > un1 > -+ > uyn—1 > a and b > vngo >

UNg1 > -0 > UnnN—1 > a. Furthermore, suppose there is a Riemann integrable function

g(x) : [¢,d] — [a,b] such that

UNI, UN, € int (essR(g)), Vie [N],N eN,

and

d
lim ! Z Un,) ! /z?(g(x))d:ﬁ<oo

—CJe

for all ¥ that are continuous on |a,b]. Then the following are equivalent:

2

I 1
Nl—r>r<1>oNl

(ﬁ(uNJ) — 19(1}]\[7[)) = O; (D5)

Il
=)
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lim max |un; — vy,| = 0. (D.6)
N—oo

If h(f) = C is a constant function, then A, (Hy) = A, (Cn) = C for all | € [N]. Thus
Theorem 6.4 holds trivially. On the other hand, suppose that he L>([0,1]) is not a constant
function and the essential range of his [ess inf E, ess sup ﬂ . It follows from Lemma D.1 that
AN (Hy), N (Cy) € int (R (E)) for all [ € [N] and N € N. Using Lemma 6.1 and Szegd’s
theorem (see (2.23)), the fact that hlk] is square summable together with the fact that

Hy, Cy are absolutely bounded imply

Nooo N

im0 H) = [ 9G
1=0 0

and

N-1

lim >~ (JOu(H)) ~ 9N (C))) = 0

N—o0
=0

for all ¥ that are continuous on [ess inf ﬁ, ess sup %] . Finally, (6.3) follows from Theorem D.2

with g = E, un; = N(Hy) and vy, = )\p(l)(éN). This completes the proof of Theorem 6.4.

Remark D.1. Theorem D.1 requires that g is continuous and that the extreme values of the
sequences asymptotically converge to the extreme values of g (but meanwhile the extreme
values of the sequences can be outside of the range of g). Theorem D.2 requires the sequences

to be strictly inside the range of g.
D.4 Proof of Theorem 6.5

Lemma D.5. Let Dy(f) := % denote the Dirichlet kernel. Fiz 0 < W < 5. We have

/ Dn(f)Pdf =N, ¥ NeN,
0

/1W Dn(HIEdf = O(1), when N — oo,
w
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_sin(waNf)  ei2nfN N—-1 jorfn
= S Yo, €7 we have

Proof of Lemma D.5. Noting that Dy (f) = e

N—-1N-1

’DN(f)‘2 =

n=0 m=0

N-1
§ ej27rfn
n=0

It follows that

1 N-1N-1 N-1N-1

/01|DN(f)|2df=/ O ey — ZZ/ e mm gy = N.

n=0 m=0 n=0 m=0

Fix 0 < W < % For any f € [W,1 — W/, |[Dy(f)| is bounded above by — WW)

1-w , 1-W 1 1
/W DX < /W sin (WW)df = sin? (7W)’

2 N—1 N—1
_ j2mfn —j2rfm | _ j2mf(n—m)
(=) (Ze)-Z5

Therefore,

O

Since h is bounded and Riemann integrable over [0, 1], it follows from the Riemann-

Lebesgue theorem that A is continuous almost everywhere in [0, 1].

fo € [0, 1] and a positive number W such that

€
h(f) — hl <=
‘ ess sup 4

holds almost everywhere for |f — fo| < W. For any v € CV, we have

(Hyv.0) = [ 5P Rf
fo+W ’ " -
[ nrRod [, BOPROY

fo=W FE[fo—W, fo+ W]

> <ess supTL — i) /ff0+W \17(f)|2 gf

0o—W

,‘esssup h’) / felo] B(f)] df.
fE[fo—W, fo+W]

-
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The DTFT of ey is

Dy(f -~ 30)

Fix %, eand W. If N > %, there always exists I’ such that ‘% — fo‘ < % It follows from

Lemma D.5 that

2 1_%
dr=1- [, IDvOF =1 o)

as N — oo. Note that [& — W, L + W] c [f, — W, fo + W]. Thus there exists N; € N such

that for all N > max { Ny, 7t }

/fo—&-W‘ 1 ( ) 2 c
—=¢€eyn(f)| df 21— —,
fo-w VN 4 )ess sup h
2 (D.8)
/ e 7 < :
—el,/N < — — )
f%[fof—ev[%}iJrW] VN 2 - max <‘ess inf h’ , |ess sup hD
Combining (D.7) and (D.8) yields
>‘l’ (6]\[) :<HN 1 el//N, 1 el//N)
VN VN
Z(esssup%—g) 1——E — _ £
4 4 ’ess sup h‘ 2
€ €

~ €
>esssuph — — —

" 4
11

16 ’esssupﬁ‘ 2

Zesssupﬁ —€

for all N > max {Nl, %} Noting that A\ (61\;) < A0 (GN) < ess sup%, we have

Ao0) (Cn) — ess Sup%‘ <e
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for all N > Ny. Since € is arbitrary, we conclude

lim A, (61\[) = ess Supﬁ.

N—oo

With a similar argument, we have

lim Apv—1) (EN) = essinf h.

N—oo

Noting that A, (6N) < )Xo (Hy) <ess Supﬁ and essinf h < Av_1(Hy) < )\p(N,l)(EN)

(see Lemma D.1), we complete the proof by noting that

N—oo

lim M) (Cn) = ]\}gnoo Ao (Hy) = esssup h
N

lim Ayvoy) (Cw) = lim Ay (Hy) = essinf .

Remark D.2. Theorem 6.5 works only for the circulant matrix Cy and not C N or C ~. This
is closely related to the fact that the partial Cesaro sum has better convergence than the

partial Fourier sum [77].

Remark D.3. Theorem 6.5 only requires I to be bounded and Riemann integrable, while

Theorem 6.4 requires the range of h to be connected.
D.5 Proof of Lemma 6.1

It follows from the definition of C v that

218



2

5
|
£3>

Z

| 5] IN/2]
k (1h[K] = h[=N + k)" + |h[=k] = AN = KIP) + Y k(| + |R[-K]]%)

k=| 85 | +1

(]

o

2

LN/2]
< 3 2k (|hlKI + [B[=K)* 4 BN — K)[* + |Alk — N]P)

Il
— =

< 37 2k (BRI + [B-K).

Fix e > 0. By assumption that the sequence h[k] is square summable, there exists Ny such

that

> k] + [h[—H]]* < e

k=Nop
Thus we have
-6 <+ szk: (MK + [B-KP) + i 2k (|hlK]* + [h[-K])
N F- N — Nk:N0
1 No—1 N
<% > 2k (|Bfk]* + [R[=K]7) +2 > (|B[K]* + [B[—k]]*) < e+ 2e = 3
k=1 k=Nop

when N > max { Ny, Ny} with N, > ST 2k (|n[K]|> + |R[—K]|?) /e. Since € is arbitrary, we

obtain

lim

1 2
Novoo N HHN B CNHF =0

Noting that Hy and CA}’N are absolutely bounded by assumption, we conclude Hy ~ 6’N.
The proofs of Hy ~ C n and Hy ~ Cy follow from the same approach.

D.6 Proof of Theorem D.1

Set
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Fya) = ﬁﬂ{x € led] : g(z) < a}, (D.9)

Fo(a) = %#{z € [N], un, < at,

Foy(a) = %#{l € [N],on; < a}.

Here, p(E) is the Lebsegue measure of a subset F € R.
Definition 6.1 states that the sequences {{un;}iein} =1 and {{vn;}ien) 31 are asymp-
totically equally distributed if

N-1

lim i Z (19 (UJNJ) — (UN,Z)) =0

1=0
for all ¥ that are continuous on [a,b]. Here [a,b] is the smallest interval that covers the
sequences {{un,}iev)}¥=1 and {{vn e }=1-
Trench [126] strengthens this definition by showing the following result.
Lemma D.6. [126, Asymptotcially (absolutely) equal distribution] Assume that b > uno >
Ung > - > unnN-1 = a and b > vyg > vyg > - > oy n-1 = a. The following are

equivalent:

1 limy e SV (ung) — 0 (vnyg)) = 0 for all 9 that are continuous on [a, b];

2. limy o0 & Zfigl |0 (uny) — Y (vny)| =0 for all 9 that are continuous on [a,b.

Here the sequences {{un;}icin} =1 and {{vn;}ien) } 31 are said to be absolutely asymptot-

ically equally distributed [126] if

for all ¥ that are continuous on [a, b].
Viewing ¢ : [¢,d] — R as a random variable, in probabilistic language, F} is the cumu-

lative distribution function (CDF) associated to g. Also F,, and F, can be viewed as the
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CDF of the discrete random variables uy : {0,1,..., N — 1} — R defined by un(l) = un,
and vy : {0,1,...,N — 1} — R defined by vy(l) = vy, respectively. It is well known that
the CDF of a random variable is right continuous and non-decreasing. The following result,
known as the Portmanteau Lemma, gives a number of equal descriptions of weak convergence

in terms of the CDF and the means of the random variables.
Lemma D.7. [131, Portmanteau Lemma/ The following are equivalent:

1 limy e S 0 (uny) = = fcd Yg(x))dx, for all bounded, continuous functions ¥;

2. Imy o0 Fuy () = Fy(a) for every point o at which F, is continuous.

Despite the fact that F,(a) is right continuous and non-decreasing everywhere, some
stronger results about F,(«) can be obtained by utilizing the fact that ¢ is continuous on

e, d].

Lemma D.8. Let Fy(«) be defined as in (D.9). Then Fy(a) is strictly increasing on R(g),

i.e., for every a € int(R(g)), there exists € > 0 such that, for each pair (aq, ) satisfying

min g(z) <a—e<a; <a<ay <a+e< max g(x),
z€[c,d] z€[e,d]

we have

Fy(aq) < Fy(a) < Fy(az).

Proof of Lemma D.8. Since g(z) : [¢,d] — R is continuous, there exists € such that (o« — €, + €) C

R(g) for a € int (R(g)). Let oy be an arbitrary value such that o — e < ay < a and let

of = “5% € R(g). Noting that g is continuous, we have

,u{$€ [e,d] : |g(x) — o] < a—2a1} > 0.
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Thus, we obtain

Fyl0) = Fy(n) = —=—pu{x € [e.d] - au < g(x) < o)
> d%cu{x € e,d]:aq < g(z) <a}>0.

Similarly, we have F,(«) < F (o) for a < ay < a + €. O

We are now ready to prove the main part. First we show that (D.2) implies (D.1). Fix ¢
being some continuous function on [a, b] and € > 0. The Weierstrass approximation theorem

states that there exists a polynomial p on [a, b] such that

[9(t) — p(t)] <

wl ™

for all ¢ € [a,b]. Since p is a polynomial, there exists a constant C' such that
Ip(t2) — p(t1)] < C'lty — 1]
for any a < t; <ty <b. Also (D.2) implies that there exists an Ny € N such that

vV [l € [N]

lun; — oy < ==

3C’

for all N > Ny. Therefore, we have

[ ung) — I (ong)
< |19(UNZ) - P(UN1)| + [p(uny) — p(ong)| + [9(vng) — pung)|
- + C% ‘|— - =

for all [ € [N] and N > Ny. Thus

N-1

1 )| <
N UN z UN,z >~
1=0 l

r

[0 (ung) — Hong)| < e

==
T

222



for all N > Nj. Since € is arbitrary, this implies (D.1).

Now let us show that (D.1) implies (D.2). We prove the statement (D.1) = (D.2) by
contradiction. Suppose (D.2) is not true, i.e., there exists an increasing sequence {M}~,
and €; > 0 such that

max ]uMk UMk,l‘ > 261
le[My]

for all k > 1. Let I, = arg max;e(a,) [tar, — V| denote any point at which [uag, 1 — vas,
achieves its maximum, which implies |upg, 1, — Vs, 1, | > 2€1. Without loss of generality, we

SUPPOSe Upz, 1, < UMy gy 1€, UMy 1, < Uyl — 2€1-

1. Suppose upg, ;, > Maxyeleq g(x), which indicates vag, 1, > 261 + maxgeleq g(x). This

contradicts the assumption that imy_. vn,0 = maxepe,q 9().

2. Suppose upr, 1, < Maxgzeleq g(x). By assumption that
hm UNN—1 = hm vy N—1 = min g(z),
z€|c,d]
there exist ko € N and oy, € int (R(g)) such that

€1

0 < qy —Up 1 < 5

and Fj is continuous at «y, for all k& > ky. Noting that F, is right continuous everywhere
and strictly increasing at ay, (which is shown in Lemma D.8), there exist €;, €3 > 0 such

that eo < %, Fy is continuous at oy + €, and

Fy(ap + €) = Fy(ou) + 3es. (D.10)

Lemma D.7 indicates that

lim F,,, (a)=Fy(a)

Mk%OO

for every point o at which F} is continuous. Thus there exist k; € N, k; > ko such that
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F,

UMk

(o) — I (Ofk)’ < €3,
(D.11)

Fu, (ap +€) — F, (o + €)

< €3

for all £ > ky. Thus, we have

FU«Mk (ak + 62) - FUMk (ak)
= Fuy, (o + €2) = Fylar + €2) + Fy(ouw + €2) — Fy(ow) + Fylay) — Fuy, ()

> Fylax + e2) = Fylaw) = |[Fy(ar) = Py, (a0)| -

> 3€3 — €3 — €3 = €3

FUMk (Oék + 62) - Fg(Oék + 62)

for all k > ki, where the last line follows from (D.10) and (D.11). Noting that the

above equation is equivalent to

1
ﬁ# {l € [My], ooy < upgyy < o+ €2} > €3,
k

we have

1
ﬁ# {l € [My],unr g, < ungy < ap+ €2}
k

1
> ﬁ# {l € [My], i, < upgy < ap + €2} > 3.
k

Thus, we obtain
0 < ungy tp—[esmy] — byl < Qg + €2 — Upgy, < €1,

which implies

/UMk,lk - uMk,lkf[Eng] Z UMk,lk - U’Mk,lk + uMk,lk - uMk,lkf[eng] Z 261 — €1 Z €1.

Now taking ¥(t) = ¢, we obtain
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Uk
1 1
A ; [0 (unt ) — V(vag)| > Mfu ;M 1 [0 (ung, 1) — I o, )|

Uk

1

Z Mk‘ Z |Q9(UMI€7Z) - ﬁ(UMkalk)l Z €3€1 > O
l:lk—[Gng-l

for all kK > k;. This contradicts Lemma D.6.

D.7 Proof of Theorem D.2

Theorem D.3. (Riemann-Lebesque theorem [5, Theorem 7.48]) The function g(x) € L™ ([a, b))

is Riemann integrable over [a,b] if and only if it is continuous almost everywhere in [a,b].

Despite the fact that F,(a) is right continuous and non-decreasing everywhere, some
stronger results about Fj(«) can be obtained at some point « since g(z) is Riemann inte-

grable.

Lemma D.9. Suppose g(z) : [c,d] — [a,b] is Riemann integrable and let F,(c) be defined as
in (D.9). Then Fy(«) is strictly increasing at o if o € int (essR(g)), i.e., there exists € > 0
such that, for every pair (o, aa) such that a —e < ap < a < ag < a+e, Fylon) < Fy(a) <

Fg(()ég).

Proof of Lemma D.9. Since g(z) : [¢,d] — [a, b] is Riemann integrable and « € int (essR(g)),
there exists € such that (o —e,a+¢) C essR(g). Let a; be an arbitrary value such that
a—e<a <aandlet of =% € essR(g). It follows from the definition of essential

range that

,u{xe [e,d] : |g(x) — o] < oz—zozl} > 0.

Thus, we obtain
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Similarly, we have F,(a) < Fy(a) for a < ay < a + €. O

We are now ready to prove the main part using the same approach that was used to
prove Theorem D.1.

i. First, we show that (D.6) implies (D.5). This part is the same as those in Appendix D.6.

ii. Now let us show that (D.5) implies (D.6). We prove the statement (D.5) = (D.6) by
contradiction. Suppose (D.6) is not true, i.e., there exists an increasing sequence {Mk},iozl

and €; > 0 such that

max |upy, 1 — Uar | > 261, V k> 1
le[Mj]

Let I, = arg maxje(as,] [tam, 1 — Va, | denote any point at which |uag, ;1 — vag, ;| achieves its
maximum. This implies |uns, 1, — U, i, | > 2€1. Without loss of generality, we suppose F,

is continuous at wup, g, and w1, < Uag g, 1€, Ung, < Uamgg, — 2€1. Otherwise, one can

Ik
always pick a uyy, 5, that is close enough to uyy, 4, and such that F, is continuous at uyy, 4,
since [}, is continuous almost everywhere.

By assumption, wuy, ;, € int (essR(g)). Noting that F, is right continuous everywhere

and strictly increasing at upy, 4, (which is shown in Lemma D.9), there exist e, > 0 and

ez > 0 such that e, < €1, F}; is continuous at upy, 4, + €2, and

Fg(U,Mka + 62) = Fg(uMk’lk) + 363. (D12)

Lemma D.7 indicates that

lim Fy,, (a) = Fy(a)

Mk%OO

for every point « at which Fj is continuous. Thus there exists kg € N such that

§€37

FuMk (uMka) - Fg (uMka)
(D.13)

FUMk (uMkﬂlk + 62) — Iy (uMk:lk + 62)‘ <€3

for all £ > kq. Thus, we have
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FuMk (uMk,lk + 62) - FuMk (U’Mkalk)

= (FuMk (untpy, + €2) — Fy(unr, g, + 62)) + (Fy(un + €2) — Fyua )
+ (Fg(uMk,lk) - FUIVIk (uMka))

> Fg(uMk»lk + 62) - Fg(uMkylk) -

FuMk (uMka + 62) - Fg(uMka + 62)

Fg(uMk,lk) - FUMk (uMk,lk)

> 3€3 — €3 — €3 = €3

for all k& > ko, where the last line follows from (D.12) and (D.13). Note that the above

equation is equivalent to
1

i #A{l € [My],ung, 1, < ungg < upg g, + €2} > €.
k

Then
O S uMk,lk—[Eng1 - uMk,lk S /U’Mk,lk + 62 - uMk,lk - 627

which implies

UMyl = WMyl —[es My 2 UMby, — UMby + UMyl — UMy, 1 —[es My
> 2€) — €3 > 261 — €1 > €.

Now taking ¥(t) = ¢, we obtain

| M | I
A > [0 (uagr) = D(var )] > A > 9(usga) = (v
k1o Kl —Tes My ]
1 lk
>— Y [D(ugn) = Hoaga,)| > €6 >0
k
1=l —[e3 Mg]

for all kK > k;. This contradicts Lemma D.6.
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D.8 Proof of Lemma 6.4
The following result indicates that the main lobe of the Dirichlet kernel contains most of

its energy.

Lemma D.10. Let Dy(f) = S;‘:ﬂ?}’; be the Dirichlet kernel. Then

L

/N |Dn(f)* df > 0.45N.
0

Proof of Lemma D.10. Noting that |Dy(f)] = |TSIIII(17{;\;’;|)| > |Sin|(:]f\|7f)|, we have

oy ¥ |sin N f 2 N [™|sin(f N [ iz
[T [T EERD g 2 s
0 0 mf T Jo
N T X -1 k+1 2f' 2k N o -1 k+1 o 2k—1
- (1) .(2>df=—Z( )‘( )
T Jo (2K) f (2k)1(2k — 1)
N & (_1)(k+1)<2ﬂ.>2k—1
> — > 0.45N
o Z (2K (2k—1) — ’
k=1
where the third line follows from the common Taylor series cos(2f) = Y 7o (—1)* (?glzj,k O
Suppose N is a multiple of 4. Note that
_ L L1 ?
/\Z(CN) = / \/—_ df / ’ el/N df +/2 \/_Nel/N(f) df
If | = Feux(f)| = 4 [Dw(f = )| Thus
T INE 1 /! INE
Ava(Cn) == Dn(f - A_L) df + — Dn(f - Z_L) df
0

1 Y2 ) 11 (! ) 1
5 | Iostntar =55 [ paordr =
1

Similarly, we have A3n/4(Cy) = 3
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Now for any I € [N], £ € [0,4)U(2,1], the main lobe of Dy(f — L) is inside the interval
[0, 3] U [3,1]. Thus

2

1 d Nk 1 ! l
M@ = [ orts | e [ pa ) o
>3/$W(ﬁfﬂ>09
=N ; N - VYU.J.
Similarly, for any [ € [N], £+ € (4,2), we have
\(C )—i/‘i D <f—i>2df+i/1 P
WON) =% : N N N . N N

gbf%ANWMﬁPWSOL

The proof is completed by noting that 0 < \;(Cy) < 1 for all I € [N].
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APPENDIX E
PROOFS FOR CHAPTER 7

This appendix contains the proofs for Chapter 7.
E.1 Proof of Proposition 7.1

Note that

dy(W(A, ¢(£))) =inf  sup  inf ||z —ylra)
" zeW(A,d(g) VM

= inf sup || Aa — Py, ||
Ma o<1

B (Aa, 2)]
= inf sup sup ————
Mn 2 1M, |a)<1 2]l

. [{a, A*2)|
=inf sup sup ———
Mn 1M, o<t 1|2l

b A2
=1l sup ————
Mn 1w, | 2]

_inf sup VIAAZ2)

Mn 2 1M, 1B

— A\,
where the last line follows from the the Weyl-Courant minimax theorem.
E.2 Proof of Theorem 7.1

We first note that x¢(0) =1 for all £ € G. Thus, we have

M(Op,B) = | Kg(0)dh = |A| (0)d& = |A]|B].
%: ¢ /A /BXE

We write the operator (TaBg7x)? as
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(TaByTaBsTax)(g /KIB °g) (/A Kg(h™" o h)x(h) dh> dh

:/A(/AKB(h_log)KB(h_loE)d}z> +(h) d h.
Thus,
; 2(O4. 5) //KB Yo h)Kg(h™ o h)dhdh

://‘KB(h_loﬁ) dﬁdh
AJA

where we use the fact that Kg(h™' o g) = [xe(h™' 0o g)dé = (fzxe(9™" o h)d§)* since

Xe(—9) = xi(g). Applying the change of variable h = hoh, we obtain

;AE(OAT,B)z/A/AJKB(h)y dhdh:/Am,B(h)dh, (E.2)

where k4, g(h) = [, , !KB(E)‘Q dh > 0. The function x,_g(h) is dominated as

o) < [ 1B = ’/X& e

where we use Parseval’s theorem. On the other hand, we have

lim k4, (h) :/ /Xg(ﬁ)df
T—>00 G B
for all h € G. Then we have

lim 3~ A%(Os2) = [ [Bldh = |A.[B|
T o Z A

4T /|><g< Pde =B

2

dh = |B|

Thus, we have

> Ai(On,5) = |A]IB| — o(|A||B]). (E-3)

L

Subtracting (E.3) from (E.1) gives
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> A(On, 8) (1 = M(On, 5)) = o(|A||B)). (E.4)
l

Utilizing the fact that 0 < A\y(Oa, 5) < 1, we have

1
e(l—¢)

N(On, 55 (6,1 =€) £ MO, 2) (1 = MO, 1)) = ol|A]|B]).
14

On the other hand, (E.4) also implies that

> MlOn5) <D M(Onp) (1= M(On, ) = o|A;|[B]). (E.5)

L:Xg(Op, B)<l—e

Plugging this term into (E.1) gives

ABl =Y M(On) = D> MOuz)+ D, M(Oxp)

L:Xg(Op, B)>1—€ L:Xg(Op, B)1—€

= Z Ae(On, B) + o|A-[|B]).

:2(Op, B)>1—¢

Similarly, plugging (E.5) into (E.3) gives

AdBI= > X(Ou ) +o(lA]B).

LN (Oy, B)>1—€

Combining the above two equations and the fact that A\;(Oa, 5) < 1, we have

Z M(On.5) — A\ (On, ) = o(JA||B)). (E.6)

£:2(Op, B)21—€

On one hand, combining (E.6) with

Z Me(On, 8) — A (04, ) < Z 1 —X(On, )

:X(Op, B)>1—€ :Xp(Op, B)>1—€
gives
NOwpill=e1) = > MOup)= D>, 1=M(Oxz)>o(A]B]),
0:X(Op, B)>1—¢ 20 (Op, B)>1—€

which further implies
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N (O, 5 [1 = €,1]) 2 |A7][B| — o(|A|[B]).
On the other hand, using (E.6) and

> MOn )= MN(Onp)>(1—¢) Y 1=M(O4 ),

L:Xg(Op, B)>1—€ L:Xg(Op, B)<1—€

we also have

NOwpill=e1)= > MOwp)= D>, 1-M\(Oxs)<o(|A]B]),

LA (O, B)>1—€ L:Xg(Op, B)>1—€

which further implies
N (O, g [1 = €,1]) < |A-[|B[ + o|A-||B]).

Thus we obtain

lim N(Op, 5;[1 —€1))

= |B]|.
T—00 |AT| ‘ ‘

E.3 Proof of Theorem 7.2

We first recall the eigendecompostion of Oy 5 = Zezo Aewguy, where ), is short for
Ai(Oa, ). Utilizing the fact that u,, ¢ =0, 1, ... is a complete orthonormal basis for Lo(A),

we rewrite the function in (7.19):

2

) = P X0l = 3 [{7 = P xela) (o)),
- Z< (I = Pu)xe(@)xe(h),uz(h)) ’“4(9>>
_Z< {(I — Pu,)xe(h 1og),uj(h)>L2(AT),W(9)>

Lo (AT)

L2 (AT)

where the second equality utilized the fact that Py, is the orthogonal projector onto the

subspace M,,, and ), <<(I — P, )xe(9)xE(h), u;(h)>L2(A ) ,Ug(h,)>L " is equivalent to the

2 ‘r)

trace of (I — P, )xe(9)xi(h). Plugging this equation into (7.19) gives
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Amwrwm@mw&
_ /Z <<(1 ~ P xe07 0 ), wi (1)), ,W(g)> d¢
By

Lo(Ar)

. Z;/B (T = Pus,)xe(07 0 ), ui (1) 0 ’W(g>>L2(AT> i
= zg: (I —Pwm,)On. s, u4>L2(AT)

— Z )\g <([ — PMH)U/E? uZ>L2(AT)
l

where the second line follows from monotone convergence theorem (since each term inside
the summation is nonnegative). Thus, we conclude that the optimal n-dimensional subspace
which minimizes the last term in the above equation is U,, (which is spanned by the first n

eigenfunctions). With this choice of subspace, we have

[ Iet9) = Po o) ny a6 = 30

>n
n—1

= |A B~ 3 A
/=0

since by (7.8) we have >, Ay = |A.||B|. The proofis completed by noting that || x¢(g) ||%2(AT) =
|A,| for any £ € B.

E.4 Proof of Theorem 7.3

First let v be a random variable with uniform distribution on [0,27). We define the

random vector

r(g) = r(g:&,v) = xelg)e’,

where the term e’” acts as a phase randomizer and ensures that 7 is zero-mean:
[r(9)] = - / (g)e’”d€&d ! / di/zﬂ d 0
E r = e V= eVdr =
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for all g € A,.

Now we compute the autocorrelation R of the random variable r as

R(g,h) = E[r(g)r*(h)]

1 (E.7)

for all h,g € A,. Here Kg is defined in (7.5). Note that Kg(6=' o g) with h,g € A, is

the kernel of the Toeplitz operator Oy, 5. Now it follows from the Karhunen-Loéve (KL)

transfrom [121] that

n—1
1
2 . _
E[llr = Pu, 3, = Bl €§>nj M(O4. ) = |B| — Eeo: Ae(Op. 5).

We then compute the expectation for the energy of r as

B (Irl.n]) = r3e | Iel@)e P dedy = A
The proof is completed by noting that E [HT — PUJ”%Q(AT)] =E [Hx — Pu,zl%,,)| and
E[Ir,m,] =B [l22,0,]
E.5 Proof of Corollary 7.1

First, the inverse Fourier transform of the power spectrum P, (¢) gives the autocorrelation

function for z(g):

1 1
o) = [ nelo)d€ = 5 Kalo)
¢ |B] |B|
It follows that the random vector  has mean zero and an autocorrelation function R given
by (E.7). Thus, x has exactly the same autocorrelation structure as the random function r

we considered in Appendix E.4. The proof is completed by computing

1
E I:H:EH%Q(AT)} :/ EKB(Q)dg = ‘AT’.
a, Bl
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